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We tackle the problem of quantifying uncertainty in an optimal estimator of fR fo2 (x) dx
when fj belongs to some class of bounded densities with smoothness s € (0, 1/2). The func-
tional in this case is paradigmatic of semiparametric models where the nuisance parameter
cannot be estimated with o, (n~'/*) errors and optimal semiparametric estimation requires
more than Neyman-orthogonalization. We assume that s is known to evade the limits of adap-
tive uncertainty quantification and estimate /R fO2 (x) dx optimally using a simple U-statistic
kernel-based estimator. We first prove that the asymptotic normality of the estimator, which
is known to hold in the parametric regime with s € (1/4,1/2), extends to the nonparamet-
ric regime with s € (0,1/4). We then show that it is possible to build unbiased variance
estimators from higher-order U-statistics that converge to the limiting variances at the best
possible rates in each regime. By contrast, we prove that variance estimators obtained from
the plug-in principle and the nonparametric bootstrap are biased, converge at suboptimal rates
in the parametric regime, and diverge in the nonparametric regime. Subsampling can be used
to restore consistency in the nonparametric regime, but does not provide improvements in the
parametric regime. We use the variance estimators to build Wald-type confidence intervals
whose finite-sample coverage and length are estimated through Monte Carlo simulations at
different smoothness levels s € (0, 1/2). The results we obtain for this problem are a first step

in delineating the applicability of semiparametric models beyond high-regularity conditions.
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1 Introduction

1.1 Motivation and results overview

Semiparametric models, characterized by a low-dimensional parameter of interest and an
infinite-dimensional nuisance parameter, have been at the forefront of statistical and econometric
theory for decades. This central position can be easily explained by the benefits these mod-

els provide in fields where specification is a major challenge but the relevant information for
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decision-making can be summarized in a few dimensions. These features have led to uncountable
applications of semiparametric models in fields such as economics, finance, or medicine from the
1980s to the present day. Recent advances in nonparametric estimation (under the marketable
term of “machine learning") and new applications in causal inference have led a new generation
of statisticians and econometricians to pay close attention to these models — rediscovering in the
process many facts previously established. One main advantage of semiparametric models is that
they come with a simple unified procedure for estimation and inference with parametric guaran-
tees under regularity conditions. The idea is to plug nonparametric estimators of the nuisance
parameters in the population characterization of the low-dimensional parameter of interest (be it
through a functional equation, a moment condition, or the minimization of a loss function). It is
well known that this naive plug-in approach can generate a substantial bias that may be corrected
by estimating the influence function(s). In the context of M-estimation, these types of corrections
have come to be known as “Neyman-orthogonalization” of the objective function. A major result
of semiparametric theory is that problems that are Neyman-orthogonal (by nature or by correction)
lead to plug-in estimators that are asymptotically unbiased at the parametric rate y/n provided the
nuisance parameter can be estimated with o, (n~'/*) errors. In this case, procedures for the con-
struction of confidence intervals that work in the parametric world transpose (almost) without any
issue to the semiparametric world — including the nonparametric bootstrap and other resampling
schemes. The regularity conditions under which these results hold have been formalized over the
last forty years — see, for instance, Andrews (1994), Newey (1994), Chen, Linton, and Van Kei-
legom (2003), Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins (2018)
on the econometric side. These results now serve as a basis for inference in most applications of
semiparametric models with little (if any) discussion of the validity of the regularity conditions
in each particular instantiation. Nonetheless, the rate conditions for the nuisance parameter are
far from trivial. Estimation in functional spaces is inherently hard, and so independently of the
chosen estimation routine and the available computational power. Moreover, the difficulty of the
task increases prohibitively with the dimension of the domain space in what is famously known in
nonparametric statistics as the curse of dimensionality. Consequently, any empirical result obtained
from semiparametric models where non-trivial rate conditions on the nuisance are used without
strong a priori justifications shall be treated with some reservations.

However, the profusion of hard-to-estimate nuisance parameters shall not condemn a priori
the use of semiparametric models. Another essential result of semiparametric theory is that, even
when the nuisance parameters cannot be estimated with o, (n~1/%) errors, it may still be possible to
construct estimators of the parameter of interest that converge at parametric rate. The possibility to
do so and the best rates that can be achieved when +/n-estimation is unfeasible vary from problem
to problem. No general theory yet exists to directly characterize the optimal rates under lower
regularity and no unified procedure is yet available to easily construct optimal estimators in this case.
Nonetheless, it is known through examples that plug-in estimators after Neyman-orthogonalization
may not be sufficient and further refinements may be needed to obtain estimators that attain the best

possible rates. Results of this nature were first obtained in simple semiparametric models defined



by integral functionals such as fR fo2 (x) dx. For this paradigmatic problem of semiparametric
theory, Bickel and Ritov (1988) obtained tight bounds on the convergence rates of any estimator of
fR fo2 (x) dx when fj belongs to some class of densities with smoothness s € (0, 1/2) preventing its
estimation with o, (n~ 1/4) errors. The authors unearthed the famed phase transition at s = 1/4 from
the parametric rate v/ to the nonparametric rates n*/*s*1) and built a corrected plug-in kernel-
based estimator attaining them. These results served as a basis for many subsequent extensions that
led to a more complete picture of semiparametric estimation beyond Neyman-orthogonalization
and high-regularity conditions. A natural requirement for the construction of optimal estimators
in this context is that the regularity level of the nuisance (i.e., the value of s for the functional class
containing fy) is known or can be approximated to some degree. The possibility to do so from the
data in view of estimation has led to a number of famed results and associated techniques building
on Lepski’s method — see Lepskii (1991), Lepski and Spokoiny (1997). Unfortunately, these
techniques do not translate so well for the quantification of uncertainty as exemplified by a large
literature on adaptive confidence sets in purely nonparametric problems — see, for instance, Robins
and van der Vaart (2006) or Section 8.3 in Giné and Nickl (2021). Because of these limitations,
the question of uncertainty quantification in optimal estimators for semiparametric models under
lower regularity has not been explored as thoroughly. However, the problem remains of central
importance for the applicability of semiparametric models beyond high-regularity conditions. In
this context, one may still want to assume that the regularity level of the nuisance is known and use
an optimal estimator to perform inference (provided it exists). Even in this simpler setting, little is
known on how to properly quantify uncertainty in optimal semiparametric estimators.

To make progress in this direction, we focus on the simple and paradigmatic problem of
estimating /R f02(x) dx when fy belongs to some class of bounded densities with smoothness
s € (0,1/2). Inthis case, the density cannot be estimated with o, (n~ 1/4) errors. However, the “bias
problem" is well-understood and optimal estimators of fR fo2 (x) dx are directly available — all rely on
refinements beyond Neyman-orthogonalization. Among them, the plug-in kernel-based U-statistic
estimator considered by Giné and Nickl (2008) stands out by virtue of its simplicity while capturing
many of the essential features of any optimal estimator for the problem. This point is made clear in
Section 2 and motivates its use to tackle the problem of uncertainty quantification when s € (0, 1/2).
It is already known from Giné and Nickl (2008) that the estimator is asymptotically normal in the
parametric regime s € (1/4,1/2) with limiting variance 4( fR fo3 (x)dx — ( fR foz(x) dx)?). Our
first result is to show that asymptotic normality extends to the nonparametric regime s € (0, 1/4)
with limiting variance a scaled version of the parameter itself. For this purpose, we leverage the
U-statistic structure of the estimator and verify that the conditions of the central limit theorem of
de Jong (1987) apply. In view of inference, we then extend the bias bound of Giné and Nickl
(2008) from the Sobolev spaces W2*(R) to the Besov spaces st,oo(R) as defined in Section 2.1.
This allows us to make the bounds on the best possible rates bind both uniformly and pointwise
for some densities in the space. Based on these results, we then tackle the problem of variance
estimation. We show that it is possible to build an optimal variance estimator from higher-order

U-statistics. This variance estimator is unbiased in finite samples and converges at the best



possible rates to the respective limiting variances. The estimator is adaptive in the sense that it
converges to the right limit at the optimal rates in each regime and so without any modification.
Moreover, it is optimal under the same bandwidth sequence as used for the optimal estimation of
fR f02 (x) dx. In stark contrast to these results, we exhibit a number of pathologies that affect all
standard methods for variance estimation typically used under high-regularity conditions with non-
optimal estimators. We start by showing that plug-in variance estimators based on the empirical
measure are biased, consistent but sub-optimal in the parametric regime, and inconsistent in the
nonparametric regime. The best bandwidth sequence for these estimators is also seen to differ
from the optimal bandwidth sequence for the original estimator. If the latter is used for plug-
in variance estimation, the convergence rates become arbitrarily slow even in the parametric
regime near the boundary. A subtle correction by decoupling the bandwidth sequences restores
consistency in the nonparametric regime but does not provide further rate improvements. We then
show that the nonparametric bootstrap variance estimator is analytically equivalent to the plug-in
variance estimator (without decoupling) and so inherits all the pathologies of the latter. While
we do not directly address the problem of bootstrap (distributional) consistency in this paper,
we can still use the variance inconsistency result to point to some distributional failure in the
nonparametric regime. We complete our results on variance estimation by considering variance
estimators obtained by subsampling without replacement. We show that these estimators are still
biased in finite samples but that subsampling restores consistency in the nonparametric regime.
No further rate improvements are obtained in the parametric regime, but the convergence rates
for these estimators are seen to exhibit their own phase transition in the nonparametric regime
and match (quite surprisingly) the optimal ones only under very low regularity. The problem of
subsampling (distributional) consistency is beyond the scope of this paper and is addressed in
another manuscript. To complete and support these theoretical results, we implement a number
of Monte Carlo simulations. We use Weierstrass perturbations of regular densities to instantiate
bounded densities in B  and construct a simple sampler based on rejection sampling leveraging
the analytical expression of these densities. The different variance estimators are then used to build
Wald-type confidence intervals based on the normal limit (taking into account the unavoidable
bias in the nonparametric regime). For each sample size n € {100,500, 1000, 2000} and each
smoothness level s € {0.05,0.20,0.30,0.45}, the average length and coverage of the respective
confidence intervals are approximated over 2,000 simulations.

Our results for uncertainty quantification in an optimal estimator of fR f02 (x) dx can be sum-
marized as follows: asymptotic normality holds both in the parametric and nonparametric regimes
but the limiting variance undergoes a phase transition; unbiased optimal variance estimation is
possible but requires problem-specific corrections; standard methods for variance estimation fail
smoothly as the regularity drops with a discontinuity at the phase transition; subsampling can help
prevent some of these failures but not all. The possibility to generalize these findings beyond
the functional fR f02 (x) dx is an open question. The problem is challenging in the same way that
optimality beyond Neyman-orthogonolization does not fall under a unified procedure. However,

the integrated square of a density is so paradigmatic of semiparametric models that our results



should be at least indicative of similar challenges and remedies in more complicated models. In
particular, the optimal variance estimator we build may be directly adapted to models where the
optimal estimator of the functional is a second-order n-dependent U-statistic. The problem of
uncertainty quantification in adaptive estimators of fR f02 (x) dx is not considered in this paper.
The problem is of independent interest, especially at the transition s = 1/4, and is left for future

research.

1.2 Literature overview

The integrated square of a density is a foundational model of semiparametric statistics. This
functional and its direct extensions have been at the forefront of the field and its theoretical
development since its inception — see, notably, Levit (1978), Hasminskii and Ibragimov (1979),
Pfanzagl (1982), Hall and Marron (1987), Bickel and Ritov (1988), Donoho and Nussbaum
(1990), Birgé and Massart (1995), Efromovich and Low (1996), Laurent (1996), and Giné and
Nickl (2008). The explanation for its centrality is two-fold. The functional is first of independent
interest in itself: it is notably central in information theory since it corresponds exactly to the
quadratic Rényi entropy after a log transform — see, e.g., Leonenko, Pronzato, and Savani (2008).
Secondly, and more importantly, the functional is one of the simplest semiparametric models
when these models are defined by the fact that 4/n-estimation is possible but only if the nuisance
parameter satisfies some local regularity conditions. The simplicity of the model can be seen from
the identity fR f02 (x)dx = fR fR 6(x — y) dPo(x) dPo(y) where 6 is the Dirac delta distribution.
The model is thus one of the simplest integral functionals with a non-smooth kernel that still allows
estimation at the parametric rate. The seemingly simpler model defined by the functional fy(z) =
fR 6(x — z) dPo(x), and naturally known as the density at a point, is actually harder and purely
nonparametric in the sense that it completely evades y/n-estimation even under strong smoothness
assumptions on fy. The consequence is that countless paradigmatic results in semiparametric
statistics were first obtained through the study of /R f02 (x) dx.

The problem of optimally estimating fR fo2 (x) dx has led to a large literature built around the
central results of Bickel and Ritov (1988) in which the optimal rates for the model are characterized.
The challenge of constructing optimal estimators for the model is reviewed in Section 2.1. Two
standard plug-in constructions are commonly considered —one based on kernel density estimators as
in Bickel and Ritov (1988) or Giné and Nickl (2008) and one based on orthogonal series estimators
as in Laurent (1996). The problem of adaptive estimation for the model has also received significant
attention with positive results by Giné and Nickl (2008) and Laurent (2005) under a standard
logarithmic cost for the respective constructions. The problem of uncertainty quantification in
optimal estimators of fR fo2 (x) dx, with and without adaptation, has received much less attention.
The only available results we are aware of are Robins, Li, Tchetgen Tchetgen, and van der Vaart
(2016) and Cattaneo and Jansson (2022): the first paper provides asymptotic normality results for
the estimator of Laurent (1996) under low regularity s € (0, 1/4) and the second paper characterizes

the bias of the nonparametric bootstrap distribution for the estimator of Giné and Nickl (2008). We



comment on these results at greater length in Remark 3.2 and Remark 4.10, respectively. Beyond
the particular problem fR f02 (x) dx, very few results are available for uncertainty quantification
in semiparametric estimators under low regularity conditions. The only two papers we know of
that directly face the challenge are Robins, Li, Tchetgen, van der Vaart, et al. (2008) and Cattaneo
and Jansson (2018). Both papers focus on issues created by the bias: the first paper leverages
higher-order influence functions to correct for it; the second paper focuses exclusively on non-
optimal estimators. Our paper differs in that we tackle the problem of normal approximation and
variance estimation for an optimal estimator under low regularity. As far as we know, no other
semiparametric model has been characterized at this level.

By virtue of the structure of the optimal estimator we consider, our results also relate to a
larger literature on inference based on second-order U-statistics with n-dependent kernels — see,
Hall (1984), de Jong (1987), Hardle and Mammen (1993), Laurent (1996), Giné and Nickl (2008),
Cattaneo, Crump, and Jansson (2014b), Cattaneo, Crump, and Jansson (2014a), and Robins, Li,
Tchetgen Tchetgen, and van der Vaart (2016). The contribution of our normal approximation results
to this literature is made clear in Remark 3.2 — of particular interest is the possibility to apply the
central limit theorem of de Jong (1987) without local regularity conditions on the density. Our
results on variance estimation illustrate a trove of new phenomena for uncertainty quantification
in U-statistics with n-dependent kernels. For the nonparametric bootstrap variance estimators,
we do not recover the typical inconsistency under quadratic dominance by a factor of 3 as in
Hardle and Mammen (1993) or Cattaneo, Crump, and Jansson (2014a), but by an exploding factor
corresponding to the quadratic diagonal term. The main difference comes from the fact that in these
papers the quadratic diagonal term either cancels automatically or is asymptotically negligible. For
variance estimators obtained from subsampling without replacement, our results seem to be new
in this literature and highlight some specific challenges of the scheme — of particular interest are
the constraints on the subsample choice, the different scaling in each regime, the impossibility to

tackle the phase transition, and the optimality of the rates in the very-low-regularity regime.

1.3 Notations

We denote by A the Lebesgue measure on R and we write fR gdl = /R gx)di(x) = fR g(x) dx
for the Lebesgue integral of a measurable function g: R — R. For p € [1, o], we denote by
LP = LP(R; ) the Lebesgue spaces of measurable functions g: R — Rsuch that ||g||,, < co where
Igllp = [ 1glP dA = [ |g(x)|P dx if p € [1,00) and |Ig|le = inf{C > 0 : [g(x)| < C fora.e. x}.
For g € L', we define the Fourier transform by F(g)(u) = fR e~*g(x) dx and we extend it by
continuity to L?. We denote by ~» weak convergence of random variables as n — co. We use the
Landau notations 0, O as n — oo and their stochastic variants 0,0, asn — oo. If a, = O(b,)
and b,, = O(a,), then we write a, =< b,,. We say that a sequence {A,} is stochastically bounded

if A, = O,(1). Rates of convergence are expressed with positive exponents, e.g., ¢, = n'l?

or
¢, = vninstead of ¢, = n~1/2. The density and the cumulative distribution function of a standard

Gaussian random variable Z ~ N (0, 1) are denoted by ¢(-) and ®(-), respectively.



2 Local regularity conditions and optimal estimation

2.1 Regularity, plug-in estimators, and bias corrections

Let X1, ..., X, bei.i.d. real-valued random variables according to a distribution Py admitting
a density fy with respect to the Lebesgue measure on R. The object of interest is the functional
given by
T(Py) = /R fi(x) dx

and known as the integrated square of the density fy. No restriction is put on the support of fj,
but fp is assumed to be (essentially) bounded, that is, fy € L™. Since fy is a density for some
finite measure Py, it also holds that fy € L' with || foll; = 1. It follows then that fy € L? for
any p € [1, o] and so the functional 7(-) is well-defined. When considering inference, the local
regularity of the density fy has to be controlled. For this purpose, we assume that fy € Bim(R)

for some s € (0, 1/2) where st,oo(R) = B;,m is the Besov space defined as

B)w = {f €L Ifllgy = lflla+ sup [2l™IfC+2) = O < 00}-
' zeR\{0}
The regularity of the problem is then dictated by the value of s. The lower s is, the larger B
is by inclusion of more irregular functions as measured through their L?> modulus of continuity.

These functional restrictions are standard but variations exist — for a clarification, see Remark 2.1.

Remark 2.1. The local regularity hypotheses on the density are not always identical in the literature.
The differences are small, but not always immaterial as made clear in Section 3.3. Bickel and Ritov
(1988) considers the spaces defined by S(s) = {f eL': |f(x+2) - f(x)] < gx)|z|* forall x €
R, |z] < 1} for some function g € L2 N L*. Laurent (1996) and Giné and Nickl (2008) consider
the Sobolev spaces W>* defined as W>* := {f e L% |Ifllas = IF(HGO M +]- 12522 < oo}.
Laurent (2005) considers the spaces Bé’w. The following inequalities, where all the inclusions are
strict are seen, to hold: S(s) ¢ B3 and W3S ¢ B s forany & > 0, B3*Z C W3S ¢ Bj , and
S(s +&) € W25, The proof of these inclusions follows from the results in Section 4.3.3 in Giné

and Nickl (2021) where other useful properties of these spaces can be found.

Remark 2.2. We restrict attention to the one-dimensional problem fR fo2 (x) dx as in Giné and
Nickl (2008). This restriction is sufficient to illustrate the challenges and remedies to uncertainty
quantification in U,,. The results we obtain can be generalized to densities in R? with d > 1 only
at the cost of notational burden. In spite of our focus on the one-dimensional problem, it is worth
noting that a central motivation for studying semiparametric problems under low regularity stems
from the curse of dimensionality. In the case of ./Rd f02 (x) dx, the threshold for s under which the

density cannot be estimated with o, (n~ /%) errors scales linearly with d.

Remark 2.3. To avoid distinguishing degenerate cases, we shall restrict attention to distributions
with densities that are not constant on their support. This condition is often omitted in the literature,
but is needed to avoid introducing cases when fR F3(x)dx - ( fR f2(x)dx)* = 0.



Under these conditions, it follows from Bickel and Ritov (1988) and the inclusions of Re-
mark 2.1 that for any estimator sequence T,,, the rates ¢, at which the sequence c¢,, (T}, — fR f2(x) dx)
are upper bounded by n if s € (1/4,1/2) and by n*/4s*D if ¢ € (0,1/4]. The sim-

plest candidates to achieve these rates are plug-in estimators of the form 7,,; := fR f;z (x) dx

is stochastically bounded uniformly in f over any closed ball B(fo,r) € Bj  with r > 0

where f, is an estimator of fy. However, it is seen that estimators of this form converge
at rates upper bounded by n%*/(3*1) and so cannot reach the optimal rates for any value of
s € (0,1/2). A simple refinement of central importance in semiparametric theory consists in
a first-order correction based on the influence function IF(xo, f,) = 2f.(xp) — 2 fR F2(x) dx.
By taking the empirical average of the influence function, this leads to the corrected plug-
in estimator 7,3 := fRf,%(x) de + n7 'S0 (2f(X) - 2fRf2(x) dx) = 2T, — T,,1 where
Tho = n! Z?zl fn(Xi). However, this correction is of no help to achieve the optimal rates
since the estimator sequence 7}, 3 can also be shown to converge at rates that are upper bounded

by n2s/(2s+l).

In both cases, the limitation comes from the fact that the nuisance density fy
cannot be estimated with o), (n~1/%) errors in the L? sense as soon as s € (0, 1/2). Indeed, di-
rect and exact expansions in each case lead to 7,,,; — T(Pg) = 2Po( o= 10) +Ifo - fn||§ and
Tu3—T(Po) = 2(Pu — Po) fo — 2(Pn — Po) (fo — fn) — Il fo — full> where Py fo = fR fodPy=T(Py)
and P, fy = f JodP, =T, . Cross-fitting the first-order corrected estimator 7, 3 by evaluating
P, and f, on two independent samples can be used to handle the empirical process remainder
2(P, — Po)(fo — f) without invoking Donsker conditions, but this leaves the estimation error
Ifo— fu ||% as a binding constraint for the convergence rates. In both cases, higher-order corrections
are needed to go beyond the binding constraint imposed by the regularity of fy. However, this
correction cannot be based on higher-order influence functions since the second-order influence
function for f does not exist — the functional is purely quadratic.

For plug-in estimators 7},.; based on a kernel density estimator f,, a simple second-order
algebraic correction based on deleting the diagonal terms is possible. This correction turns out
to be sufficient to achieve the optimal rates. This is exactly the construction used in Bickel and
Ritov (1988). To see it, consider a kernel estimator f,, 1= n~! > Kn(x — X;) for some standard
kernel function K,. By expanding the square, this leads to the plug-in estimator T, 1(f,) =
n2y > o Hu(Xi, X)) where Hy(Xi, X;) = /R K, (x = X;)K,,(x — X;) dx. It is then seen that
the diagonal term satisfies n=2 > - | fR K2(x - X;)dx =n"! fR K2(x) dx and so is independent of
the data. It thus forms a pure bias term that can be deleted. This second-order bias correction
(with the superfluous first-order correction) using a two-fold split leads exactly to the estimator
of Bickel and Ritov (1988). Following the idea of Hall and Marron (1987), one can use n
folds for cross-fitting and directly consider the kernel K, (X; — X;) instead of the convolved
one H(X;,X;) = fRKn(x - X;)K,(x — X;) dx. This leads to a satisfying simplification that
corresponds exactly to the simple U-statistic estimator considered by Giné and Nickl (2008) and
given by U,, := (’21)_1 Z:l:_ll Z?:Hl K, (X; — Xj). As the estimator of Bickel and Ritov (1988),
this estimator can be shown to attain the optimal rates under the conditions above. We will use

this estimator in the rest of the paper as it is both simple in the class of rate-optimal estimators



and archetypal of cross-fitted bias-corrected estimators beyond first-order corrections. Additional
assumptions and known results for U,, are provided in the next section. The same idea behind
the construction of U, can be implemented with estimators of fy different from the kernel-based
ones f, provided that they are linear smoothers and satisfy similar invariance properties. The

construction was successfully tackled in Laurent (1996) for orthogonal series estimators of fj.

Remark 2.4. Plug-in estimators such as T, » = n~! iy fu(X;) are commonly used in semipara-
metric problems. In this context, they are sometimes called plug-in estimators by resubstitution, but
they more generally correspond to M-estimators based on plug-in estimators for the nuisance. Un-
der the conditions above, estimators in the class of 7}, » share the same upper bound for convergence
rates as the classes T, 1 and T,, 3. However, the bottleneck with 7, » does not come from || fo — fn ||§
but from the empirical process remainder (P, — Po)(f» — fo). Indeed, a simple and exact expansion
gives T, 5 = T(Po) = (P — Po) fo+Pu(fu = fo) = (Pu— Po) fo+ (Pn = Po) (fu = f0) + Po(fn — f0)-
This bottleneck can be handled directly by cross-validation and this gives another justification for
the form and optimality of estimators of the form of U,,. This derivation also makes clear that it is

possible to extend the construction beyond linear smoothers f;,.

2.2 Optimal U-statistic and Hoeffding decomposition

To tackle the problem of uncertainty quantification, we consider the simple U-statistic kernel-
based estimator U,, of fR foz(x) dx introduced in Hall and Marron (1987) and further analyzed
in Giné and Nickl (2008). This choice is motivated by the simplicity and exemplary nature of
U, among all (known) optimal estimators of fR f02 (x) dx. In particular, U, is seen to capture
the essential debiasing correction shared by all optimal estimators of fR f02 (x) dx without any
unnecessary complications. We review in this section the main known properties of the estimator,

including its Hoeffding decomposition and rate-optimality. The estimator rewrites as

2 n-1 n 1 Xi_Xj
U= ——— —K
e k(.

i=1 j=i+l

where K : R — R is a smoothing kernel with associated bandwidth sequence #,, satisfying 0 < h,,
and lim, e h, = 0. Throughout the paper, we assume that K is symmetric and bounded,
/K(u) du = 1, / |K(u)||u| du < oo, and K(0) # 0. These conditions imply, in particular, that
K € L' n L™, and hence K € L for any 1 < p < oco. The assumption that K(0) # 0 is rarely
stated explicitly but is needed and is satisfied by all smoothing kernels in practice. When there is
a risk of confusion, we make explicit the dependence of U,, on h,, and write U, = U,,(h;,).

It is seen that U, is a second-order U-statistic with n-dependent kernel k,, given by

1 (Xi—X;
kn(Xi,Xj) = h_K h
n n

forany 1 <i < j < n. The n-dependence of the kernel stems from the bandwidth sequence #,,.

Since U, is a second-order U-statistic, it is possible to leverage its Hoeffding decomposition —



Hoeffding (1948) and Section 1.6 in Lee (1990). Let us define

Li=- Zl [0 6 - B0,

2 n—1
Wai= o5 D0 3 ka6, X)) = ka(X0) = k(X)) 4 E (U],

i=1 j=i+l

where we abuse notation by writing the first-order projection as k,(X;) := E [k, (X;, X;) | X;] for

any 1 <i < j < n. Then the Hoeffding decomposition of U,, reads as
U, =E[U,] +2L, +W,. 2.1

This decomposition leads to a well-known equality for the variance of U, given by

VarU, = MV&T (kn(X1)) + -

2
n(n—1) mVﬁr(kn(Xl,Xz)) : (2.2)

From a change of variables, the boundedness of fy, and the integrability of K, it is seen that
Var (k,(X1)) = O(1) and Var(k,(X1,X>2)) = O(h;'). The variance equality then implies
that VarU, = O(n~' v n=2h;"), and so the term that asymptotically dominates the sequence
(VarU,)~'/>(U, — E[U,]) depends directly on the choice of the bandwidth sequence h,. If
nh, — oo, then the linear term L, dominates. If nh, — 0, then the quadratic term W,, dominates.
If nh,, — ¢ > 0, then L, and W, are equivalent. This structure is common to second-order
U-statistics with n-dependent kernels — see Hall (1984), Hardle and Mammen (1993), Cattaneo,
Crump, and Jansson (2014b), Robins, Li, Tchetgen Tchetgen, and van der Vaart (2016).

For this problem, the choice of /4, can be linked exactly to the regularity of the functional class
to which f; belongs. Under the assumption that f € L* N W?* for some s € (0, 1/2) where W>*
is defined in Remark 2.1, Giné and Nickl (2008) proved that the bias of U,, is uniformly bounded
by h25 and some numerical constant. Using the previous moment bounds, Giné and Nickl (2008)
proved that any bandwidth sequence &, < n~?/(4s*1) ensures that U, attains the optimal rates under

the Sobolev assumption W2*. More precisely, the authors obtained in this case that:

« if s € (1/4,1/2), then Vi (U, — [ f3(x) dx) ~» N(0,4] [ f5(x) dx — ([ f3(x) dx)?]);
* if s € (0, 1/4], then n*/Us*D(U, — [ f2(x) dx) = 0, (1).

In preparation for uncertainty quantification, we will extend these results in two directions. In
Section 3.2, we first generalize the asymptotic normality of the sequence to the case s € (0, 1/4].
More precisely, we obtain that the stochastic term O,(1) when s € (0,1/4] can be exactly
characterized as a normal random variable centered at some (unavoidable) constant bias. We then
show in Section 3.3 that the bias bounds of Giné and Nickl (2008) can be obtained under the slight
relaxation from W2 to Bioo. The purpose of the relaxation is made clear in the same section.

These newly derived limits set the stage for uncertainty quantification in U,, and naturally lead to

10



the open problem of variance estimation for the estimator. The problem is tackled in Section 4. The
theoretical results are supported in Section 5 by Monte Carlo simulations for Wald-type confidence

intervals built from the normal limits and the different variance estimators.

Remark 2.5. Another important contribution of Giné and Nickl (2008) is to show that adaptive
estimation of fR f02 (x) dx using U, and Lepski’s method is possible at a minimal logarithmic cost.
We shall not consider the problem of uncertainty quantification in these adaptive estimators. The
problem is difficult by virtue of known general impossibility results that affect purely nonparametric
problems — see, for instance, Section 8.3 in Giné and Nickl (2021). To evade these difficulties
and make progress on the problem of variance estimation in semiparametric models under low
regularity, we shall assume that s is known. However, our focus on uncertainty quantification
without adaptation does not mean that the problem with adaptation is solved and without interest.
Au contraire, the problem is of major importance given the paucity of adaptation results for proper

semiparametric models (with likely challenges at the phase transition) and is left for future research.

3 Moment bounds and normal approximations

3.1 Moment bounds for bounded densities

We start by deriving general moment bounds that will be used throughout the proofs. These
bounds are obtained using standard properties of the Lebesgue integral and the fact that fy € L.
They do not require any local regularity assumption on fy. The only difficulty is to properly account
for the contribution of each cross-term based on their shared indices. We start by bounding the
pure terms in Lemma 3.1 before bounding the cross-terms in Lemma 3.2 and Lemma 3.3. The

proofs of all results in this section are collected in Section A.1 of the Supplementary Material.

Lemma 3.1. Let i,j € {1,2,...,n} withi # j. Let r > 1 be any integer. If fy € L%, then
E [[kn (X0)I"] = O(1) and B [|k,(X;, X;)I"] = O ("),

To bound the cross-terms, we introduce some graph notations. We denote by C7' the set of
all pairs (i, j) with 1 < i < j < n. For any pair (i, j) € Cy, we let r; ; > 0 be non-negative
integers and denote their sum by R = Z(i’ pecy Tij- We consider the graph with vertices the
indices {1,2,...,n}. If r; ; > 1, we draw an edge between i and j. We denote by p the number of
connected components formed by these edges. We denote by / the number of active vertices with

at least one edge. Using these notations, the cross-terms are bounded as follows.
Lemma 3.2. If fy € L™, then E [T1; jyccplkn(Xi, X)) |"4] = O (h"*7P),

For any k € {1,2,...,n}, we denote by s; > 0 some non-negative integers. It is possible
to bound the cross-terms E [H(i,j)ecg [kn (Xi, X)W T |kn (Xi)|**] directly from the previous
lemma by noting that the first-order projections |k, (Xy)|** only act as weights. This leads to the

exact same bound which is collected in the next lemma.

Lemma 3.3. If fo € L, then B [T1(; jyecylkn (Xis X)) "I [k (X)[*] = O K17P),
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From these results, we can directly bound any moment of U,, and other statistics based on
k,(-,-) and powers of it thereof. For ease of reference, we collect a direct application of these
bounds to the summands of L, and W,, respectively defined for any i, j € {1,2,...,n} withi # j
by

l(Xl) = kn(Xl) -E [Un] >
W(Xi, Xj) = kn(Xi, Xj) - kn(Xi) - kn(Xj) +E [Un] .

The bounds are immediate applications of the previous results and collected in the lemma below.
Lemma 34. If fy € L*, then E [T1; jyecpw(Xi, X))/ T_ |1(X) %] = O (h,"*7P).

Remark 3.1. The hypothesis fy € L™ can be relaxed to finite integrability conditions on fj by using
Holder’s inequality. This leads to looser bounds for the cross-terms involving the first-order and
second-order projections, but these bounds are still tight enough to obtain all subsequent results in

the paper. For simplicity, we follow Giné and Nickl (2008) and directly assume that fy € L.

3.2 Normal approximations for bounded densities

The asymptotic normality of U, in Giné and Nickl (2008) was obtained under the condition
that the linear term in the Hoeffding decomposition of U, dominates asymptotically. We show
that the asymptotic normality of U, still holds when the quadratic term dominates asymptotically.
We obtain this result only using the fact that fy € L. We leverage the general moment bounds
of Section 3.1 to verify the conditions of the central limit theorem for generalized quadratic forms
of de Jong (1987). This generalization opens the way for rate-optimal uncertainty quantification
in U, with fy € Biw even when s € (0, 1/4] as made clear in the next section. The proofs of all

results in this section are collected in Section A.2 of the Supplementary Material.

Proposition 3.1. Let fy € L™. If n’h,, — oo, then
(VarU,)"Y2(U,, —=E [Uy,]) ~ Z ~ N(0, 1).

As an intermediate step before inference, we can make explicit the dependence of the normal
limits in Proposition 3.1 on the choice of the bandwidth sequence h,, or equivalently, on the
dominating term in the Hoeffding decomposition of U,,. These results will become of more direct
interest in the next section when the choice of the bandwidth sequence is constrained by the bias.

To state the normal limits in each case, let us define

2
o2 (fo) = /R 3 dx - ( /R £2(0) dx) ,

o (fo) ::/Rfoz(x) dx/RKz(u) du,
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and simply write O'z (fo) = C"Z and o-%v( fo) = (T‘%V when there is no risk of confusion. Without
loss of generality, we take h, = cn® for B € (-2,0) and some constant ¢ > 0. It follows
then from Proposition 3.1 that: if 8 € (=1,0), then yn (U, — E[U,]) ~ Z; ~ N(0,457);
if B = -1, then Vn (U, — E[Uy]) ~ Z ~ N(0,40] + 204,/c); and if B € (=2,-1), then
n'+B/2 (Un —E[U,]) » Z3 ~ N(O, 20"%‘,/c). The rates of convergence are parametric when
B € [-1,0) and nonparametric when 8 € (-2, —1). The asymptotic variance depends neither on
the kernel K nor on ¢ when 8 € (-1, 0). Itis also seen to be equal to the semiparametric information

lower bound for the model in this case. This invariance does not hold when 8 € (-2, —1].

Remark 3.2. The result of Proposition 3.1 may be appropriately contrasted with a similar result
obtained by Robins, Li, Tchetgen Tchetgen, and van der Vaart (2016) for the series estimator of
Laurent (1996) — see, in particular, Section 3.1 (pp. 3737-3738) and Proposition 4.2 (p. 3742).
To obtain this result, the authors derived a quite general conditional central limit theorem based
on contracting conditions for the kernels (of the U-statistics) — see Theorem 2.1 (p. 3737) — and
proved the conditions of this theorem to be verified by a variety of kernels including the Fourier
kernel used in Laurent (1996) and the convolution kernel used for U, — see Proposition 4.3
(p. 3742). However, to verify these conditions, the authors effectively required the densities to be
compactly supported. This compactness restriction prevents an application of their result under
the assumption that fy € L*™. Our proof is different and is based on applying the central limit
theorem of de Jong (1987) which directly extends that of Hall (1984). This approach should be of
independent interest for the theory of second-order U-statistics with n-dependent kernels. As far
as we know, all previous applications of de Jong’s theorem in density estimation leveraged local
regularity assumptions on the density — see, for instance, Hall (1984), Hardle and Mammen (1993),
or Cattaneo, Crump, and Jansson (2014b). Our derivation without local regularity assumptions
suggests, in particular, that the central limit theorems of Hall (1984) or de Jong (1987) are more
primitive tools than the results of Robins, Li, Tchetgen Tchetgen, and van der Vaart (2016) and can
be used to derive (at least the unconditional version of) their Theorem 2.1. A formal statement of

this fact is, nonetheless, beyond the object of this paper and is left for future research.

Our use of de Jong’s theorem in the proof of Proposition 3.1 allows us to handle the corner
case (when the linear term and the quadratic term are asymptotically equivalent) at no extra cost
using the extension of de Jong (1987) in Eubank and Wang (1999). We can similarly access a
number of results building on de Jong’s theorem and notably Berry—Esseen bounds quantifying the
rate of convergence — see, for instance, Dobler (2024). This can be used to prove that the normal

convergence in Proposition 3.1 holds uniformly over closed balls in L.

Proposition 3.2. Let M > 0 and § > 0. Define F(M,6) = {f € L™ : ||fllo < M, o7 (f) A
O'VZV(f) > 6} If n’h, — oo, then UN = (VarU,)™'/2(U, — E[U,]) converges weakly to
Z ~ N(0, 1) uniformly over F (M, ), that is,

lim sup sup|P(UYN <x)—®(x)|=0.
n—=® fe F(M,5) xeR
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The result above can be refined by characterizing the rates of convergence of the errors for the
normal approximation, that is, the Berry—Esseen rates for UY. The proof in Section A.2 of the
Supplementary Material already provides the individual rates for the components L,, and W,, when
properly rescaled. To obtain the limit above, we used a crude inequality allowing us to combine
the errors for both terms. It is possible, however, to directly expand the cross terms in each regime
and obtain that the normal approximation for UY has errors of the order o(n~'?2vn'h, 1/ 2). In
particular, if A, =< n=2/*s*1)we recover the bound O(n~1/2 v n=#/(4s*1)) = As the density gets
rougher, the normal approximation gets poorer with the now standard regime change at s = 1/4.

The closer s is to 0, the slower the convergence to the normal limit.

3.3 Bias bounds for bounded densities in B; (R)

To use the generalized normal limit of Proposition 3.1 for uncertainty quantification in U,,, the
bias of U, needs to be bounded. It is well known, however, that it is impossible to do so only
assuming that fy € L™ — see, for instance, Ritov and Bickel (1990). A natural solution is to control
the local regularity of the density. Giné and Nickl (2008) assumed that fy belonged to the Sobolev
space W2 with s € (0,1/2) and proved that the bias of U, scaled (uniformly) as h2°. To be
able to instantiate a density for which the bias scales (pointwise) as 42*, we have to consider the
slightly more general Besov spaces B oo This leads to Proposition 3.3 whose proof is collected in

Section A.3 of the Supplementary Material.

Proposition 3.3. Let s € (0,1/2). Forany B > 0, there is a constant C(B, K) > 0 depending only
on B and K such that for all densities f € L™ N B; _ with || fllgs < B,

< C(B,K)h*.

’E VAR /R £2(0) dx

Moreover, if the kernel function satisfies K(u) > 0 for all u € R, then there exists a density

fel®n Bj . and a constant Cy > 0 such that for any n € N large enough,
|E [U,] - /fz(x) dx| > Crh.
R

Remark 3.3. The first part of the proposition parallels the result in Giné and Nickl (2008) for W2
and leads directly to a uniform bound over the ball in B  with radius B. The proof differs and

directly leverages the definition of B _ . The second part of the proposition does not hold in W2,

With the variance bound VarU,, = O(n~! v n‘zh,‘,l) of Section 2.2, Proposition 3.3 leads to
the "elbow phenomenon" of Bickel and Ritov (1988): the bias becomes a binding constraint as
soon as s € (0, 1/4]. In this case, in order to get (Var U,)~"?(U, — fRfoz(x) dx) = Op(1), we
necessarily have to select /,, such that Var U,, = O(n~2h; ). Because the rates of convergence then
depend on h,,, it is optimal to select &, < n~%/(4s*1) By Proposition 3.1 and Proposition 3.3, the
next result follows. As shown in Section 5, these limits can serve as a natural basis for uncertainty

quantification in U,, when s is known.
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Corollary 3.4. Let s € (0,1/2) and fo € L™ N B;  with || follgs < B for some constant B > 0.
Suppose that hy, = cn=2/4*Y) for some constant ¢ > 0.
1. If s € (1/4,1/2), then

\/E(Un - /Rfoz(x) dx) ~> Z1 ~ N(0,407) .
2. If s € (0,1/4], then

Zy ~ N(0,40'£+20'%V/c) ifs=1/4,

sl (4s+1) (Un _E [Un]) o
Z3~N(0,20'3V/c) ifs<1/4,

and there is a constant C(B, K) > 0 that only depends on B and K such that

n4s/(4s+1)

E[Un]—/RfOZ(x)dx‘ < C(B,K).

Remark 3.4. The limits in Corollary 3.4 are stated pointwise for simplicity. The uniformity of the
bias bounds as made clear in Remark 3.3 and the uniformity of the general normal limits as obtained
in Proposition 3.2 lead directly to uniform counterparts to the limits above. In particular, we have
that (v A n*/4s*D) (U, — fR f02 (x) dx) is stochastically bounded uniformly over the intersection
of closed balls in L™ and Bg’w when s € (0, 1/2). The estimator U,, with h,, < n~2/4s+1) i thus
rate-optimal over B;yw with s € (0, 1/2) as it attains the rate bounds of Bickel and Ritov (1988)
(keeping the inclusions of Remark 2.1 in mind). We recover, moreover, that the estimator attains

the semiparametric efficiency bound when s € (1/4,1/2).

Remark 3.5. The problem is purely nonparametric as soon as s € (0, 1/4) with all the classical
implications for optimality and inference. It is seen, in particular, from the construction of Birgé
and Massart (1995) and the inclusion S(s) C B;  that the Hellinger modulus of continuity for
the functional T(Py) = fRfoz(x) dx is b(g) = A3+ 4 o (85/(4s+D)y when f € L™ N B
This implies, for instance, that the impossibility results of Liu and Brown (1993) apply when
s € (0,1/4), so that there is no estimator that can be (locally uniformly) asymptotically unbiased
at the rates n**/4*1) with finite asymptotic variance. In other words, when s € (0, 1/4), uniform
inference at the optimal rates n**/(#s*1) necessarily involves dealing with a non-zero asymptotic
bias. The case s = 1/4 is pathological and of independent interest for semiparametric theory, but

its complete analysis is beyond the scope of this paper and is deferred to another manuscript.

4 Variance estimation: finite-sample bias and rate-optimality

If we know the value of s € (0,1/2), we can estimate fR foz(x) dx optimally using U, with

any bandwidth sequence h,, =< n~2/(4s+1)

To assess the accuracy of the point estimate provided
by U,, it is natural to look for an estimator of the variance Var U,, of U,,. Provided these variance

estimators are consistent, they can also be used in combination with the limits and bounds of
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Section 3 to construct asymptotically valid Wald-type confidence intervals for /R fO2 (x) dx. The
estimation of Var U,, presents two main challenges: the problem is semiparametric in nature in
the sense that the rescaled limits of Var U, are integral transforms of the unknown fy as seen
from the values of o-i and o-%v; the discontinuous regime change at s = 1/4 implies two different
finite-sample and limiting behaviors of U,, that any variance estimator has to adapt to even when s
is known. The purpose of this section is two-fold. We first show in Section 4.1 that the problem can
be optimally solved: we use U-statistic kernel-based estimators to build a variance estimator that
is unbiased, consistent, and rate-optimal for any s € (0, 1/2) using the same bandwidth sequence
iy = n=2/4s+1) g5 for the optimal estimation of fR fO2 (x) dx with U,,. We then contrast this optimal
variance estimator with those obtained from automatic methods commonly used in practice for
semiparametric inference. In Section 4.2, Section 4.3, and Section 4.4, we characterize the finite-
sample bias, the consistency, and the rates of convergence of the variance estimators respectively

obtained by the plug-in principle, the nonparametric bootstrap, and subsampling.

4.1 Rate-optimal unbiased variance estimator
Consider the following three U-statistics respectively given by

1 n n n
Ui,n(hy) = mzz Z kn(Xi, Xj)kn(Xi, Xi)

i=1 j=1 k=1
J#i k#iLj

1 n n n n
van(hn) = oo > D D 121: K (Xi XV hen (X, X0)

i=1 j=1 k=1 =
J#i k#iLjl#,j.k

n-1 n
U3 0 (hy) = ﬁz Z K2 (Xi, X)) .

i=1 j=i+l

These U-statistics can be used to build estimators of Var k,,(X;), h, Vark, (X1, X»), and Var U,, that
satisfy strong optimality properties at a moderate computational cost. As estimators of Var &, (X)

and h, Vark, (X1, X»), we define, respectively,

UL,n(hn) = Ul,n(hn) - U2,n(hn) 5
UW,n(hn) = hn(U3,n(hn) - UZ,n(hn)) s

and, as an estimator of Var U,,, we define

4(n -2 2
Vun(hn) = %Uun(hn) + mhivw,n(hn)
e L (41 =2)vrn () + 2030 () — (41— O)van ()]
nn-1)

The estimators vy, and vw , are also estimators of o% and O"%V. The following results, which

are proved in Section A.4 of the Supplementary Material, collect the most important properties of
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UL.n» Uw.n, and Vy ,, for uncertainty quantification in U,. It is seen, in particular, that Vi, is an
unbiased and consistent estimator of Var U,, with the same bandwidth sequence h,, < n~2/(4s+l)
used for the optimal estimation of fR foz(x) dx with U,. Moreover, Vy , converges at the best
possible rates to the limiting variances in each regime. Beyond these optimal properties, Vi,
displays one major feature of practical interest: it is adaptive in the sense that it works both in
the parametric regime and in the nonparametric regime without any modifications. Additional

properties of the estimators can be found in Section A.4 of the Supplementary Material.

Proposition 4.1. Let fy € L*™. For any bandwidth sequence h,, — and any n > 4, it holds that
E [VU,n(hn)] = Var Un(hn) .

Moreover, if n2h, — 0, then it holds that

4, 2 1
VU,n(hn):;O-L'Fﬁa-w'i'op(;vm)-

Lemma 4.1. Let s € (0,1/2) and fy € L™ N BS . Ifhy = 0~ G5+ hon
vin(hy) =02 +0, (n—l/z v n(l—lZs)/(8s+2)) ‘

Remark 4.1. A bandwidth h,, = n=2/4s*1) js not optimal for vL.n- A choice of h, = p~3/(4s+2)
yields the improved rates vin A n3%/(>*1) This improvement only bites when s € (0, 1/4) and is

thus of second-order for our purpose as made clear in Proposition 4.2.

Lemma 4.2. Let s € (0,1/2) and fy € L N B3 . If hy < n=2/ 4%V then
vwon(hy) = a"%v +0, (n_1/2 v n_4s/(4s+])) )
Proposition 4.2. Let s € (0,1/2) and fy € L* N B3 . If hy < n=2/ 4%V then

Vu,n(hy) ~1/2 _4s/(4
B — 1 + 0 ( / vV S‘/( S+1)) .
Var U,,(hy,) r\" "

Remark 4.2. The third-order U-statistic v , is an estimator of fR f03 (x) dx. Even with the optimal
bandwidth h, = n=3/(45+2) the estimator vy ,, cannot reach the rates n*/*s*1) when s € (0, 1/4)
in view of the cubic term in the variance that dominates when nh, — 0. In an elegant and
surprising result, Kerkyacharian and Picard (1996) showed that the optimal rates for the estimation
of fR f03 (x) dx are the same as for fR fO2 (x) dx. The ingenious solution of Kerkyacharian and Picard
(1996) is based on a multiscale approach where, informally, the bias problem and the variance
problem are tackled separately using different bandwidth sequences. This approach is not directly
reproducible using kernel estimators. As made clear in Proposition 4.2, the effect of the cubic term
of v, when s € (0, 1/4) does not affect the convergence rates of Vi ,, so that further refinements

of vy, should not be of direct concern to us in this problem.
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Remark 4.3. The estimators vy, ,, Uw.», and Vy 5, are unbiased, consistent, and rate-optimal. It is
possible to sacrifice one (or several) of these properties to obtain some practical advantages. Indeed,
these estimators suffer from a few drawbacks including the fact that they can take negative values
(especially in very small samples) and that they are not trivial from a computational viewpoint
(especially in very large samples). A solution is to consider appropriately biased estimators that
help mitigate these issues. As an example, the estimator vy, can be replaced by U, fR K?(u) du
whose rate-optimality is direct from the properties of U,, and whose finite-sample bias is of second
order when used in the construction of Vi ,. In practice, the computation of confidence intervals

forces us to consider the biased estimator max(0, Vi ;).

Remark 4.4. The estimator Vi, may also be contrasted with the estimator vy , /n. This estimator
is also consistent for o% and rate-optimal in the parametric regime s € (1/4, 1/2). The difference
between the two estimators stems from their finite-sample bias: Vy ,, captures the quadratic term in
Var U,, while vy, ,,/n completely ignores it. As one may expect, constructing Wald-type confidence
intervals using vy, ,/n leads to significant finite-sample undercoverage in the parametric regime
s € (1/4,1/2) that worsens the closer s is to 1/4. The deficiency of vy, ,/n is explicit and so this

estimator is not included in the simulation exercise of Section 5.

4.2 Plug-in variance estimator and correction by bandwidth decoupling

To obtain the optimal variance estimator Vi ,, we leveraged the particular structure of the
problem using higher-order corrections in a similar way to how U,, was constructed. In practice,
it is not uncommon for variance estimators to be obtained in a more direct fashion (and so even
when corrections were applied to the original estimator). A natural approach is given by the
plug-in principle. For our problem, the idea translates into plugging the empirical measure in
the moments Var(k,(X;)) and h, Var (k, (X1, X»)). This leads to estimators of Var(k,,(X;)) and
hy, Var (k,, (X1, X»)) respectively given by

53 () =~ Z( Zk(xl,m) (

i=1

SWn(h ) = hy [n ZZkZ(XI,X)_(—

i=1 j=1 i=

Zk (X,,X))

]1

Zk (X”X)H
1

Jj=

i=1
1
Naturally, these statistics are also estimators of o-i and O"%V, respectively. If we plug these estimators

in the variance formula for Var U,,, we directly obtain a plug-in variance estimator given by

4n=2)

)+ o ).

S2 (hn, hy) =
Ul ) n(n—1) hy

We disassociate the bandwidth sequence used for the estimation of s%v ,, from the one used in

the reconstruction of S%] ,, s decoupling them allows us to improve the original plug-in variance
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estimator in an astute way. This leads to the decoupled plug-in variance estimator given by

2 2
) = SR () 4 2 ).

The following results, which are all proved in Section A.5 of the Supplementary Material, make
clear the properties of Si,n(hn)’ S%}V,n(h”)’ SZU’n(hn, h,), and S%]’n(hn, h;,) for uncertainty quan-
tification in U,. Proposition 4.3 characterizes the asymptotic bias and the probability limit of
the plug-in variance estimator SZU,n(hn, hy,) without decoupling. It implies, in particular, that if
hy =< n~2 st the estimator is consistent when s € (1/4, 1/2) but inconsistent when s € (0, 1/4].
The inconsistency is not restricted to the choice of 4, = n~2/4s*+1) put obtains as soon as nh,, /> co.
The individual statistics si’ ,(hy) and s%v’ ,,(hy) can still be used to consistently estimate 0'% and
(Tvzv in each regime (for different choices of #, in each case), but cannot be combined without
decoupling the bandwidth sequences to consistently estimate Var U,,. These pathologies can be
exactly traced back to the diagonal elements generated by plugging in the empirical measure as
made clear in the expansions of si’ ,, (hy) and s%v’ ,, (hy) in terms of the optimal U-statistics vy, (/)
and v3 , (h,) obtained in Section A.5 of the Supplementary Material. Proposition 4.4 shows that
decoupling the bandwidth sequences allows us to bypass these limitations by restoring consistency
and adaptivity to both regimes. This solution, however, does not match the optimal variance
estimator of Section 4.1. First, the rates of convergence are upper bounded by the best achievable
rates for s%, ,(hy) and s%v’ . (hy), namely n*$/(2s+1) instead of the much faster n'/2 A n*$/4s+1) for
Vu .n(hy). Moreover, the estimator S%] 2 (i, hy) still suffers from consequential finite-sample bias
as implied by the exact finite-sample bias characterization of s% , and s%v ,, obtained in Lemma A.3
of the Supplementary Material. Finally, the optimal bandwidth to restore consistency and achieve

the upper bound rates is different from the bandwidth used for optimal estimation with U,,.

Proposition 4.3. Let fy € L™. For any bandwidth sequence h,, — 0, it holds that

E[S%]’n(hn’hn)] Var U, (h)—(1+0(1))[ : VZV 32;12 (O)]

Moreover, if n2hn — o0, then it holds that

4 6
St (hns ) = ;a’i +——0p +

o (0)+o,,(%vaL).

n’h,  n3h3

Remark 4.5. The asymptotic equivalence for the bias of S2U . (hu, hy) in Proposition 4.3 makes
explicit the leading factors that drive its behavior in sufficiently large samples. The equivalence is
sufficient to illustrate the inflating effects of the diagonal terms that were purged in the construction
of Viy,. Exact expansions of the finite-sample biases of sL . sW ,» and 52 o (hn, hy) can be
obtained. These expansions capture more precisely the finite-sample behavior of the estimators, but
their convoluted nature partly hides the dominating factors inflating the plug-in variance estimators

in practice. These expansions are collected in Lemma A.8 of the Supplementary Material.
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Lemma 4.3. Let s € (0,1/2) and fy € L N BS . If hy =< n~ '/ 5D, then
si’n(hn) =0l +0, (n_Zs/(zs“)) )

Lemma 4.4. Let s € (0,1/2) and fo € L N BS . If hy =< =/, then
S%/V,n(hn) =0p,+0, (n_zs/(ZHI)) )

Remark 4.6. The bandwidth sequence A, < n~'/(>*1) is optimal for both si , and s%v - Lt differs
from the bandwidth sequence used for the optimal estimation of fR fo2 (x) dx with U,,. If we use the

bandwidth sequence &, < n~2/(4s+) with si ,, and s%,v ,» then both estimators fail to be consistent

2
W.n

cannot be used anymore. Moreover, even if s% , Temains consistent when s € (1/4, 1/2), its rates

when s € (0,1/4]. While s% ,, can still be theoretically used in its regime of application, s

of convergence degrade to n(4s=1/(4s+1) compared to the parametric rate achieved by vy ,,. These

rates are pathologically slow the closer the regularity is to the regime threshold s = 1/4.

Proposition 4.4. Ler s € (0,1/2) and fo € L™ N B; . If hy < n=2 G+ and p! =< p~ 1/ CsD)
then )

Sy ) 1+0 (n—Zs/(ZHl))

VarU,,(h,,) p '
Remark 4.7. Bandwidth decoupling allows us to restore the consistency of the plug-in variance
estimator in the nonparametric regime s € (0,1/4). This correction comes, however, at the
cost of hard-to-control finite-sample behavior that may plague inference in practice. This can
be seen by computing the exact finite-sample bias of S%],n(hn, h;) using Lemma A.8 in the
Supplementary Material or more directly by noting that the asymptotic bias of S%/’n(hn, h)
includes a term, typically negative, of the order O (h/>*/n). By some (un)fortunate choice of (the
constant factors in) A, this term can inadvertently overcome the positive diagonal bias buffer
created by 402, /n*h), + 2K*(0)/n*h,h),. A similar issue plagues the estimator S%]’n(h;l, hy,) for
the estimation of Var U, (h,) with h, = o(h},). The estimator can be used to improve the rates of
convergence in the parametric regime s € (1/4,1/2) to the upper bound n%*/(>*1) but it remains
inconsistent in the nonparametric regime s € (0, 1/4). Its finite-sample bias also displays a series

of negative terms that may have detrimental consequences for inference in practice.

4.3 Nonparametric bootstrap variance estimator

Another standard approach for variance estimation is by way of the bootstrap and its variants.
It is natural given the results on the plug-in variance estimators to expect a number of failures
for the nonparametric bootstrap. To state this formally, we introduce some notations. Let &}, =
{X1, X5, ..., X} bethe original i.i.d. sample and X, = {X7, X3, X, } another sample obtained
by uniformly sampling n times from X, with replacement. Denote by P*,E*, Var*, cov* the

probability, expectation, variance, and covariance taken with respect to the sampling distribution
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conditional on AX,,. Consider the estimator

U (hy) = )ZZH

i=1 j=i+l

which is, conditional on &},, the same second-order U-statistic with n-dependent kernel k,, as U,
but computed over the sample X,;. Conditional on &, the sample X} is i.i.d. with marginal the
uniform discrete distribution on the non-random values {Xj, X»,...,X,}. By the fact that &,

conditional on &, is i.i.d., we directly obtain that

dn-2)

Var* U, (hy) = ( .y

Var*(k,(X7)) + Var*(k, (X7, X3)) .

2
nn-1)
Since the marginal sampling distribution conditional on &}, is discrete uniform, we derive by direct

computation that

Var* (ko (X})) = 57, (hn) ,
haVar* (kn (X}, X3)) = sty (hn) .

From these results, the following equivalence holds
Var* U; (hy) = St , (hns h) -

For the nonparametric bootstrap variance estimator, bandwidth decoupling is impossible: the
variance estimator necessarily inherits the bandwidth sequence used for the computation of U;,
in the bootstrap world. While it is possible to compute U;; with a different bandwidth £, the
bootstrap variance estimator is then equal to Var* U, (h),) = S%/’n (hy,, hy,).

By virtue of the equivalence with the uncorrected plug-in variance estimator, the nonparametric
bootstrap variance estimator Var® U (h,) directly inherits all the pathologies of S%]’n(hn, hy)
gathered in Section 4.2 and in Section A.5 of the Supplementary Material. For the sake of
exposition, we collect two results. Corollary 4.5, which follows immediately from Proposition 4.3,
implies that Var* U’ (h,,) with h,, =< n=%(4s*1) is consistent when s € (1/4, 1/2) but inconsistent
when s € (0, 1/4]. The inconsistency in the nonparametric regime is not exclusive to the use of
hp, = n~2/@s*D) " In fact, the estimator completely fails to replicate the structure of Var U, for
any bandwidth that makes the quadratic term dominate asymptotically. Corollary 4.6, which is
proved in Section A.6 of the Supplementary Material, makes explicit the rates of convergence and
divergence of Var* U (h,,) with h,, < n~%/ (4s+1) in the respective regimes. The estimator converges
at the pathologically slow rates n(*s=1/(4s+1) when s € (1/4,1/2) and diverges at the exploding
rates n{1749)/(4s*1) when s € (0, 1/4). The case s = 1/4 is tackled in Remark 4.8.

Corollary 4.5. Let fy € L*™. For any bandwidth sequence h;,, — 0, it holds that

E [Var* Uz (h,)] = Var U, (h,) = (1+0(1)) Zh 0'W+3—th2(O)
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Moreover, if n2h, — oo, then it holds that

6 .
—0
n2h, "W

o 4, 2, 1 1 1
Var Un(hn) —;O’L"l‘ n3h%K (O)+Op(;\/ l’lzhn \ l’l:”h%)

Corollary 4.6. Let s € (0,1/2) and fy € L N B . If hy < n=2/4*D) then

Var* U (hy,) 1+0,(n~Gs=D/GsHD)  f g > 1/4,
Var U, (h,) 0, (n1-49)/(4s+1)) ifs <1/4.

Remark 4.8. The case s = 1/4 is omitted for readability. The rates are immaterial in this case and
the probability limit can be exactly characterized at no cost from the first corollary. In particular,
it holds that n[Var* U, (h,) — Var U,(hn)] = 20, + 5K?(0) + 0, (1) where nh, — ¢ > 0.

Remark 4.9. The rates of convergence of the bootstrap variance estimator can be improved by
choosing any bandwidth i/, < n~!/(2*1) leading to the estimator Var* U’ (h’,) = S%],n(h;l, hy,).
This improves the rates in the parametric regime s € (1/4,1/2) from the pathologically slow
n4s=1/4s+1) 1o the suboptimal n2%/(25+1) . However, this choice does not solve the inconsistency
issue in the nonparametric regime s € (0, 1/4). It also comes with hard-to-control finite-sample

properties as made clear at the end of Section 4.2 for the estimator S%,,n (hy, hy) with h,, = o(hy).

Remark 4.10. The inconsistency of the nonparametric bootstrap variance in the nonparametric
regime from Corollary 4.5 does not immediately imply that the standardized bootstrap statistic
fails to converge in distribution to the same limit as the original statistic (in probability, conditional
on the original data). Indeed, the standardized bootstrap statistic n’h,, (U — U,,)? is directly seen
to be not uniformly integrable when nh,, — 0. It can be shown, however, that the inconsistency of
the nonparametric bootstrap variance in the nonparametric regime is sufficient to break the validity
of any inferential method using the nonparametric bootstrap distribution in this regime. To see
this, we note first that the bootstrap statistic is biased: we have E*[U;] = "T‘lUn + %2). This
was already reported in Cattaneo and Jansson (2022) and rightly associated with bootstrap strong

inconsistency in the parametric regime as soon as nh2 — 0. This defect can be easily corrected
K(0)
nhy, *

of the nonparametric bootstrap in the parametric regime even under nh2 — 0, but not sufficient

by considering the debiased statistic U}, — This is enough to restore the strong consistency

to prevent its failure in the nonparametric regime. Indeed, the variance mismatch reported in

Corollary 4.5 when nh,, — 0 is sufficient in this case to prevent the debiased standardized statistic

nvVhy, (U, — Kngi) —U,) from being tight under the bootstrap measure P*. These results are formally
proved in a separate manuscript where a seemingly novel bootstrap failure of independent interest
is obtained for the studentized statistic (Var* U,*,)‘l/ 2(Ur - %:) -U,).

4.4 Subsampling variance estimator

A natural solution to address the pathologies of the nonparametric bootstrap variance estimators

is to consider subsampling without replacement. The idea is to obtain a sampling scheme that
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automatically purges some of the diagonal terms responsible for the deficiencies. As we show
in this section, subsampling without replacement suppresses the constant and quadratic diagonal
terms from resampling with the empirical measure but not the linear diagonal terms. These
partial deletions are enough to obtain a consistent variance estimator in both the parametric and
nonparametric regimes since the linear diagonal terms are asymptotically negligible under the
standard assumption on the subsample size that m/n — 0. Nonetheless, the deletions obtained
by subsampling are not sufficient to restore unbiasedness in finite samples nor rate-optimality of
the variance estimator. To show this, we introduce some notations. We define the set X, =
{Xl.*1 . .,le"m} obtained by randomly sampling from A&}, without replacement. We denote by
S = {i1,i2,...,im} the corresponding set of indices randomly sampled from {1,...,n} without

replacement. We define the subsampled statistic

2
Ug(hp) = —— kn(X[, X;
5 (n) m<m—1>i-zes (X7, X7)
i

where the kernel k, is unchanged and defined for the bandwidth sequence #,. Conditional on
Xy, the estimator Uy is still a second-order U-statistic from the sample A7}, but the sample X,
is not i.i.d. anymore. By virtue of the simple sampling scheme, the moments of Ug can still be
computed exactly by combinatorial arguments — the computations have been carried out in the
finite population literature — see, e.g., Section 2.5 in Lee (1990) or Bloznelis and Gotze (2001). In
particular, we directly have by a combinatorial calculation that E*[Ug] = U, and, using (2.6) in
Bloznelis and Gotze (2001), that

N _iﬂ 2 (n-m)(n-m-1) ,
where
2 (h)—li ! Sk XX - Lo ’
Yin n—;izl mﬁi n(Xi, X mn(n) ,
n-1 n

2 _ 2 . ) — 1 .
ww,n(hn) - n(n — 1) ;J;l [kn(xl’xj) n—2 kziikn(xl’ Xk)

_ 3" k(X X)) + —=Upn(hn) ’

n_zk:#j n\Ak, Aj n—2 n\/lp .

The terms ‘/’i,n (h,) and 'ﬁ%v,n (h,) are the variances of the properly orthogonalized first-order and
second-order terms in the finite-population Hoeffding decomposition of Ug. These terms, which
only depend on the original sample A},, can be further decomposed in terms of v3 , and szL’n as
proved in Lemma A.9 of the Supplementary Material. The results of Section 4.1 and Section 4.2
can then be directly leveraged to derive the most important properties of Var® Ug(h,) in view of

uncertainty quantification. Proposition 4.7 characterizes the finite-sample bias of Var* U (h,) as
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well as its probability limit. It implies that if A, =< n~2/4s*1) and the subsample size is chosen
so that mh, — oo, then Var* U (h,,) is consistent in the parametric regime s € (1/4,1/2) when
rescaled by m/n and consistent in the nonparametric regime s € (0, 1/4) when rescaled by m?/n>.
In the nonparametric case, the condition that m/n — 0 is sufficient to ensure mh, — 0 without
any further constraint on the subsample size. By virtue of the different scaling in each regime, the
subsampling variance estimator fails to be adaptive in the same way V ,, is — see also Remark 4.11
for the case s = 1/4. Proposition 4.8 makes explicit the rates of convergence of Var* U (h,,) for the
bandwidth sequence £,, < n~2/(4s*1) and subsample size m = n/log(n). In the parametric regime
s € (1/4,1/2), the subsampling variance estimator converges at the pathologically slow rates
n*s/(4s+1) with an additional log(n) penalty emerging from the choice of m. In the nonparametric
regime s € (0, 1/4), the situation is markedly different: the rates n(174s)/(4s+1) A pas/(4s+1) gre
optimal in the very-low-regularity regime s € (0, 1/8]; moreover, the subsample size has no direct
effect on the rates. The phase transition at s = 1/8 is surprising and seemingly novel. The proofs

of both propositions are collected in Section A.7 of the Supplementary Material.

Proposition 4.7. Let fo € L™. For any bandwidth h, — 0, any m > 3 and any n > 3, it holds
that

4(m —2) B 8(n-2)
mm-1) nn-1)

2 4
' (m<m -1 n(n- 1>)Vaf<’<n<X1’Xz>>-

& [Var' (U (ha))] = Var(Un(ha)) =( ) Var(kn (X))

Moreover, if m — oo, m/n — 0, and n2h, — oo, then

* * _ 4 2 2 2 1 1
Var (Us(hn)) = EO-L + mz—hno-W +0p(; \% mzhn) .
Proposition 4.8. Let s € (0,1/2) and fo € L™ N B . Suppose that h, < n~ 24t and
m = n/log(n).
1. If s > 1/4, then

1 Var" Ug(hy)
log(n) VarU,(h,)

=1+ OP(log(n)n_(4s_1)/(4s+l)) .

2. If s < 1/4, then

1 Var* Ug (hy) B
(log(n))? VarU,(hn)

1+ Op(n(4s—l)/(4s+1) v n—4s/(4s+1)) ‘

Remark 4.11. The necessity to rescale the subsampling variance estimator Var* Ug(h,) with
different factors in each regime for consistency prevents a direct application in the case s = 1/4.
In fact, there is no factor that makes the subsampling variance estimator consistent when s = 1/4.

Remark 4.12. The subsample size m = n/log(n) satisfies mh, — oo when h, = n~2/(4s*1)

and s € (1/4,1/2). Other subsample sizes satisfying the conditions can be considered, leading to
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similar results provided the scaling 72 /n and m? /n? and the rate-penalty in the parametric regime are
modified accordingly. The condition m#h, — oo is not trivial. For instance, a standard polynomial
choice m = n? with y € (0, 1) leads to mh,, — co when h,, =< n=2/*s*1) and 5 € (0,1/2) if and

only if y € (2/(4s + 1), 1). This prevents, for instance, the standard choice m = /n.

Remark 4.13. The rates of convergence in the parametric regime s € (1/4, 1/2) can be improved
from n(4s=1/(4s+1) 1o 25/ (25+1) by choosing !, = n~'/s*1) for the computation of Var* Us(hy,).
However, this bandwidth sequence leads to an inconsistent estimator in the nonparametric regime
as well as to hard-to-control finite-sample properties (as manifest from the addition of negative

terms in the finite-sample bias of Var® U (h;,) compared to that of Var* U (hy,)).

Remark 4.14. The fact that the subsampling scheme purges the quadratic and constant diagonal
terms of the statistics obtained from U,, should be enough to obtain the strong consistency of the
subsampled statistic in both regimes (and so without debiasing since E*[Ug] = Uy,). The result is

beyond the scope of this paper and relegated to another manuscript.

5 Monte Carlo simulations in B} (R)

5.1 Parametric and nonparametric Wald-type confidence intervals

When the level of smoothness s € (0, 1/2) of fy is known, the normal limits of Section 3 and
the variance estimators of Section 4 can be combined to form Wald-type confidence intervals for
/R fo2 (x) dx based on U,,. The use of an optimal bandwidth &, = n=%/(4s*1) for U,, opens the way
for constructing Wald-type confidence intervals that shrink at the optimal rates vn A n*s/(4s+1),
By virtue of the phase transition at s = 1/4, we shall consider two forms of Wald-type confidence
intervals to ensure nominal coverage properties asymptotically. In the parametric regime s €
(1/4,1/2), the bias of U, is guaranteed to be o(n~'/?) and we shall directly consider parametric

intervals of the form
Clzp(vn) = |Un - Zl—a/ZV;i/z, Un + Zl—a/ZV}i/z >

where V,, is a placeholder for one of the variance estimators of Section 4 and z;_ 2 isthe (1-a/2)-
quantile of the standard normal distribution. If V, is negative, we shall consider max (0, V,,) instead.
In the nonparametric regime s € (0, 1/4), the bias of the estimator does not necessarily converge
to zero at the optimal rates n**/(4*1) but is at worst bounded at these rates. As made clear in
Remark 3.5, this limitation is not a defect of the optimal estimator U, but an inherent feature of
the nonparametric regime. The construction of Wald-type confidence intervals with asymptotic
coverage guarantees in this case requires us to account for the bias. Several solutions exist, but they
all require leveraging some a priori bounds on the asymptotic bias of U,, given that its estimation

is impractical. For generality and simplicity, we shall directly expand the confidence intervals by
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subtracting an upper bound and a lower bound accounting for the asymptotic bias of U, that is,
CY* (Vy, b, bY) = |U, - 21—11/2‘7,{/2 — /@D U, + Zl—a/z‘A/;i/2 - n_4s/(4s+1)bL] ,

where we assume that by, < n®/3+D(E [U,] - fR f3(x)dx) < bY for n large enough. If V,
is negative, we shall again consider max (0, V,,). Provided the estimator V,, is consistent when
s € (0,1/4], the intervals CII,\lIP(Vn, by, bY) are guaranteed to asymptotically cover /R f02 (x) dx
at least at the nominal level. In simulations, we can control the true density fy so as to make
the asymptotic bias of U, practically negligible. In this case, we shall only consider the intervals
CI3¥(V,) = CIY?(V,,,0,0) without loss of generality. Heuristics for the choice of 57 and bY as
well as the possibility of improving on CINP(V,,, by, bY) are important topics but fall beyond the
scope of this paper. The goal of the simulations is to illustrate the effects of the variance estimators
of Section 4 on Wald-type confidence intervals that are commonly considered in practice.

From an asymptotic viewpoint, the confidence intervals obtained from U,, with the optimal
bandwidth h,, = n=2/4s*1) are indistinguishable provided the variance estimators are consistent
in their respective regimes. The intervals are asymptotically valid by construction, shrink at the
optimal rates Vn A n*/*s*1) by virtue of the optimality of U,, and exhibit the same rates of
convergence of their coverage error by virtue of the bias of U,. In finite samples, however, the
properties of the variance estimators obtained in Section 4 suggest the existence of significant
differences with important consequences for uncertainty quantification that worsen the less regular
the density fyis. To characterize these finite-sample consequences, we shall estimate by simulations
the average length and average coverage of the confidence intervals obtained for each of the variance
estimators of Section 4 for different levels of smoothness s € (0, 1/2) and different sample sizes
n € N. We shall also use the simulations to illustrate the inconsistency of the plug-in and

nonparametric bootstrap variance estimators in the nonparametric regime.

5.2 Monte Carlo simulations based on Weierstrass perturbations

For the simulations, we compute U, using a standard Gaussian kernel and the bandwidth
sequence h,, = n~>/(4s*1) We consider two designs each based on perturbing a regular probability
density with a Weierstrass function. This allows us to control exactly the Besov regularity of the
density by varying the amplitude of the cosine waves with respect to their frequencies. More

precisely, we define for any x € R and any s € (0, 1/2),

F(x38, foo) == M fio(x) (1 +m Z 27% cos (27 ka))
k=0
where M is a normalizing constant to ensure the density integrates to 1, f is a regular bounded
probability density function on R, m is a scaling constant to ensure the density is strictly positive,
and Wy := > 1, 275 cos(2x 2Kx) is a standard Weierstrass function. To guarantee positivity, we
directly take m = 0.5(3 7, 27k)=1 for any s € (0,1/2). This leads to the following density
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defined, for any x € R and any s € (0, 1/2), by

F(s5, foo) i= M fuo(x) (1 £0.5(1-27) 3" 27 cos (2n 2kx)) .
k=0
The same argument as in the proof of Proposition 3.3 in Section A.3 of the Supplementary Material
shows that f(-;s, fo) is a proper probability density such that f(-;s, foo) € LT N B; , for any
s € (0, 1/2). For the first design, we take f., as the standard normal density. For the second design,
we take fo as a mixture of Laplace distributions. That is, we define for any x € R,
Design 1:
1 12
P(x) = ——=e 2" ;
V2

T

Design 2:
Jrap(x) = 0.2¢ 17721 £ 0.3¢71¥+21

For each design and each value of s € (0, 1/2), the normalizing constant M can be computed
beyond standard machine precision by evaluating the first terms of the series. (In Design 1, the
value of M is (almost) indistinguishable from 1.) For each design f,, and each s € (0, 1/2), we
can similarly evaluate the true value of the parameter fR f2(x; 5, fr) dx by expanding the square
and evaluating the first terms of the corresponding series. The values are recorded (up to 0.0001
precision) in the following tables for s € {0.05,0.20,0.30,0.45}.

Table 1: Parameter value in the normal design
§=005 5s=02 s=03 s5s=045

[ fA(ss.g)de 02827 0.2845 0.2858  0.2876

Table 2: Parameter value in the mixture Laplace design
§=005 =02 s=03 s5s=045

f f2xss, fiap) dx 01417  0.1437 01450 0.1468

For each design, the bias of U, is seen to be lower bounded by 42° and some constant following
the proof of Proposition 3.3 in Section A.3 of the Supplementary Material. Nonetheless, direct
computations show that, when scaled by /%%, the bias is negligible compared to the magnitude of
fR f2(x; s, fr) dx. Hereafter, we shall consider without loss of generality the parametric intervals
CIP(V,,) = CINP(V,,,0,0) in both the parametric regime s € (1/4, 1/2) and in the nonparametric
regime s € (0,1/4). Designs where the asymptotic bias in the nonparametric regime is of the
magnitude of the parameter can be conceived; these additional complexities are of secondary
interest for the problem and are thus ignored in this paper.

To implement a sampler based on each design, we have to truncate the Weierstrass series

to some fixed term kp.x. Using kpa.x = 50 is enough to exceed standard machine precision in
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both designs. This leads to smooth approximations f(x; s, fo, kmax) that mimic the behavior of
the original function beyond standard machine precision. We then build a sampler using these
approximations based on rejection sampling. As a sanity check, we can recover from the sampler
the true value of the parameter by evaluating the empirical average of f(X; s, fw, kmax) Over a large
enough sample obtained from the sampler (up to 0.001 precision for a sample of size 4, 000, 000).
For illustration, we plot a graph of each density for s € {0.05,0.45} as well as the respective
empirical histogram obtained from rejection sampling. The graphs are collected in Section B of
the Supplementary Material. For the simulations, we use the sampler to draw i.i.d. samples of
size n € {100, 500, 1000, 2000} for each design and each value of s € {0.05,0.20,0.30,0.45}.
Using Monte Carlo simulations over N = 2, 000 runs, we compute the average length and average
coverage of the intervals CIflP(\A/n) with @ = 0.05 where V,, is chosen within the list of (positive)
variance estimators: optimal max (0, Vi ,(h,)), decoupled plug-in S%]’n(hn, h;,), nonparametric
bootstrap Var* Uy, (h,,), and subsampling Var*U% (h,). For the hyper-parameters, we simply take
hy = n~ 2 @D gt = p=1/ 25+ “and m = |n/log(n) | without any further a posteriori refinements.
The average coverage can be naturally improved for some fixed n for each interval by multiplying
any of these hyper-parameters by some well-chosen constant. Improvements in this direction for
some fixed n fall beyond the scope of this paper. The results of the simulations are collected in
Table 3 and Table 4 in the Appendix.
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Results from the Monte Carlo simulations

Table 3: Standard Normal (N = 2,000, a = 0.05)
Optimal Variance Decoupled Plug-in ~ Nonpar. Bootstrap ~ Subsampling

(max(0, V) (3. (Var* Uy,) (Var* Uy)
Smoothness (s) Sample Size (n) Cov. Length Cov. Length Cov. Length Cov. Length
s =0.45 n =100 0916 0.118 0972 0.139 0.992 0.172 0.997 0.191
n =500 0.944 0.051 0.962  0.055 0.988  0.067 0.997  0.081
n=1,000 0.957 0.035 0.968  0.037 0.988 0.045 0.998  0.056
n =2,000 0.953 0.024 0.964 0.026 0.983  0.030 0.997 0.038
s =0.30 n =100 0914 0.152 0.985 0.189 1.0 0.273 1.0 0.287
n =500 0.932  0.067 0.968 0.076 0.998 0.115 0.999 0.137
n=1,000 0946  0.046 0.970  0.052 1.0 0.079 1.0 0.099
n =2,000 0.949 0.032 0.964  0.035 0.998 0.054 1.0 0.071
s =0.20 n =100 0914 0.214 0.984 0.282 1.0 0.511 0922  0.204
n =500 0941 0.106 0.980 0.127 1.0 0.264 0.933  0.100
n=1,000 0.940 0.078 0.977  0.090 1.0 0.198 0.928  0.073
n=2,000 0.950 0.057 0.977  0.065 1.0 0.149 0.934 0.054
s =0.05 n =100 0.810  0.660 0992 1.112 1.0 4.925 0.810  0.662
n =500 0.876  0.523 0992 0.814 1.0 6.303 0.875 0.520
n=1,000 0.892  0.476 0.993 0.713 1.0 7.046 0.890 0.472
n =2,000 0915 0.430 0.992  0.625 1.0 7.887 0916 0.426

Table 4: Laplace Mixture (N = 2,000, @ = 0.05)
Optimal Variance Decoupled Plug-in  Nonpar. Bootstrap ~ Subsampling

(max (0, Viy,n)) Sy (Var* Uy) (Var" Uy)
Smoothness (s) Sample Size (n) Cov. Length Cov. Length Cov. Length Cov. Length
s =045 n =100 0916 0.085 0978 0.104 0.993  0.130 0.995 0.138
n =500 0.935 0.037 0.965 0.041 0.991 0.050 0.997 0.058
n = 1,000 0.946  0.025 0.964 0.027 0.984 0.033 0.998  0.040
n =2,000 0.959 0.018 0.967 0.019 0.985 0.022 0.999  0.027
5§ =0.30 n =100 0.909 0.107 0.993 0.145 1.0 0.219 1.0 0.203
n =500 0.947 0.047 0.983  0.057 1.0 0.091 1.0 0.097
n =1,000 0951 0.033 0.976  0.038 1.0 0.062 1.0 0.070
n =2,000 0.958 0.023 0.978  0.026 1.0 0.042 1.0 0.050
s =0.20 n =100 0.894 0.149 0.996  0.226 1.0 0.445 0.897 0.144
n =500 0.944  0.075 0.989  0.099 1.0 0.234 0932 0.071
n = 1,000 0.943  0.055 0.985 0.070 1.0 0.176 0.930 0.052
n =2,000 0.947  0.041 0.985  0.049 1.0 0.133 0.932 0.038
s = 0.05 n =100 0.660 0.407 0.998  0.983 1.0 4.843 0.661  0.407
n =500 0.797 0.347 0.998 0.712 1.0 6.268 0.797 0.345
n = 1,000 0.825 0.317 0.999  0.620 1.0 7.020 0.825 0.315
n =2,000 0.852  0.287 0.999 0.541 1.0 7.868 0.852  0.285
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Supplementary Material for "Integrated Square of a Density:
Semiparametric Inference Beyond the o, (n~1/%) Rule"

PauL DELATTE

The supplementary material is composed of two sections: Section A contains most of the
proofs of the results in the main text; Section B contains supporting material for the simulations.

The notations used in the main text and in the supplementary material are (re)introduced below.

Notation. We denote by A the Lebesgue measure on R and we write fR gdl = fR g(x)di(x) =
fR g(x) dx for the Lebesgue integral of a measurable function g: R — R. For p € [1, oo], we denote
by LP = LP(R; 1) the Lebesgue spaces of measurable functions g: R — R such that ||g||,, < oo
where ||g||§ = fR lg(x)|P dx if p € [1,00) and ||g]|l = Inf{C = 0 : |g(x)|] < C fora.e. x}.
For g € L', we define the Fourier transform by F(g)(u) = fR e~*g(x) dx and we extend it by
continuity to L?. We denote by ~> weak convergence of random variables as n — co. We use the
Landau notations 0, O as n — oo and their stochastic variants 0,0, asn — oo. If a, = O(b,)
and b, = O(a,), then we write a,, < b,. The density and the cumulative distribution function of
a random variable Z ~ N(0, 1) are denoted by ¢(-) and ®(-), respectively. We make use of the
following notational shortcut K (-) = K(-/hy)/hy in the proofs.

A Proofs

A.1 Proofs of the moment bounds
Proof of Lemma 3.1. 1. By definition and the change of variables u = (x — y)/h,,, we have
[k = [ | [ K350 o] o s
=[] [ &0 ot -y ] o a.
R'"JR

Then using the fact that fy € L, we have | fo(x — uh,)| < || folle for all x,u € R. Since K € L!
and || foll1 = 1, we directly get

E [1kn(X)I"] < IANIGIKIY.

2. By definition, Fubini’s theorem, and the change of variables u = (x — y)/h,,, we have

B [lkn(Xe. X,)I"] = /]R /R 1K (= )| fox) foly) dx dy
1

//|K(u)|rfo(x—uhn)fo(x) dx du.
R JR
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By using again the bound | fy(x — uh,)| < || folle for all x,u € R as well as the fact that K € L”
and || folli = 1, we get

B [[kn (X0, X)) ] < —

< — 7 lfollwlIK]l;-
hy!

O

Proof of Lemma 3.2. The proof is obtained by induction over [/ by taking p = 1 after noticing that
the bounds factorize over p by virtue of independence. The initialization follows directly from the
previous result. For the inductive step, we can simply verify the formula with R = r+¢, [ = 3, and
p = lLfor E[|k,(X;, X;)|"|k,(X;, Xi)|9] where r, g > 1 are any integers. For values of [ > 3, the
proof is identical using the fact that K € L? for any 1 < p < co. By definition, Fubini’s theorem,

and the changes of variables u = (x — y)/h, and v = (x — 2)/h,, we get

E[|kn(x,~,Xj)|’|kn(Xi,Xk)l‘f]=/R/R/Rmh(x—y);’u(h(x—z)|"f0(x)fo(y)fo(z)dxdydz
:#/R:‘/RA|K(M)|r|K(V)|qfO(x—uhn)fo(x—vhn)fo(x)dxdudv.

By using again the bound | fo(x — uhy,)| < || folle for all x, u € R as well as the fact that K € L"*9
and || fol[1 = 1, we get

1

r+g-2
B

E [Ikn (X, X )| 1 (Xi, Xi)|9] < IILIKI K.

This is enough to conclude the proof. O

Proof of Lemma 3.3. To obtain the result, it suffices to notice that the terms |k, (X;)| only work as
weights in the previous integrals. To show this, we can look at the case E [|k, (X;, X;)|" |k, (X;)|].

From the proof of Lemma 3.1, we already know that for any x € R,

| [ Kt =22 de] < Wpllol.
It follows then that
E [l (X X HnCOI] = [ [ [ =90] [ Ko =20 1o(2) el o) vy
< ol KT [k (X, X171,

and this is enough to conclude the proof from Lemma 3.2. O

Proof of Lemma 3.4. The proof follows immediately from Lemma 3.3 and the multinomial theo-

rem. O
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A.2 Proofs for the normal approximations

We break the proof of Proposition 3.1 into three parts: we first obtain closed-form expressions
for the limiting variances; we then obtain the joint asymptotic normality of L, and W,, when properly
rescaled; we finally apply this result to obtain the asymptotic normality of (VarU,)~'/?(U, —

E [U,]) under the general condition that n>h,, — co.

Lemma A.1l. If fy € L*, then:
1.

2
lim Vark,(X;) = /f03(x) dx — (/f()z(x) dx) =: 0'2;
n—eo R R

lim A, Vark, (X, X3) = /fOZ(x) dx/Kz(u) du =: 0"24,.
Proof. 1. By definition and the change of variables u = x — y, we have that
Bl (X)) = [ [ K)o = fox) e
R JR

and
Bl (0] = [ ([ Kuw ot - du) o v

Since K € L' and fy € L' N L?, we have by the mollification theorem (see Theorem 8.14. in
Folland (1999)) that /R K, () fo(x — u) du converges in L' and L? to f; as h, — 0. Then

L[ &t ot = = fo oo e < Wl [ | [ Kttt =) = o]

and we directly obtain that

hrrolo]E [kn(X1)]? /fo (x)dx

Similarly, we have

[ [ &= =] fiwas < Uil [| [ Kuwfit = du= focof as

and we directly obtain that

hrroloE [kn(X1)?] /fo (x) dx.

2. From (1), we directly have that lim;,_,« h,E [k, (X1, X»)]? = 0. Now, by definition and the

change of variables u = x — y, we have that

B [kn(X1, X2)?] = /R /R K () fo (x — ) fo () dx .
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Since K? € L' and fy € L' and hnKi(-) = K?(-/hy)/hy, we have by the mollification theorem for

K? that fR hnK,Zl(u)fo(x — u) du converges in L' to f K?(u) du fy(x). Then

/R| /RhnKﬁ(u)fo(x —u) du — /R K*(u) du fo(x)| fo(x) dx

<lsille [ | [ Kz ot = du= [ K dusoo)]a

and we directly obtain that

lim h,E [k (X1, X2)?] = / K*(u) du / fE(x) dx.

Lemma A.2. If fy € L™ and n*h,, — o, then

o) OHT )
% n(n—-1)h,W, 0]\ o 0'3‘/ '

Proof of Lemma A.2. To prove this result, we verify the conditions for the central limit theorem in
Eubank and Wang (1999) which extends the central limit theorem of de Jong (1987) to also handle

the case where the linear term and the quadratic term may be equivalent. To this end, let us define

1 n
L(n) =+nL, = — 1(X;),
(n) =+n \/ﬁizzl()

W(n) = L\/n(n - Hh,W, = ﬂ "Z_l Zn: w(Xi, X;),
V2 Vr(n—-1) !

i=1 j=i+l

where [ and w are defined in Lemma 3.4. Since Var(L(n) + W(n)) = O(1), the normalizing

variances in all the Lyapunov-type conditions can be taken to be 1. Conditions (1.3) to (1.6) in

Eubank and Wang (1999) then rewrite as

2 n
=Ty 2, 2 VarCw (X, X)) = 0.

E [W(n)*]/(VarW(n))* — 3,

1 n
— 2 EL(X) -0,
i=1

—

n i-

n(n—1)

Il
—_

i=2 j
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2 n_lhnE[( E[W(Xi,Xj)l(Xi)|X1,...,Xl-_l]) ] -0.

(EW1.3)

(EW1.4)

(EW1.5)

(EW1.6)



Since (X;);=1,...n are i.i.d., the previous conditions respectively simplify to

.....

n~ h, Var(w(X1, X)) — 0, (EW1.3bis)
E [W(n)*]/(Var W(n))* — 3, (EW1.4)
n'E[1(X))Y] — 0, (EW1.5bis)
n~ ', Var(E [w(X2, X1)[(X2)|X1]) — 0. (EW1.6bis)

To handle (EW1.4), we make use of the expansion of E[W(n)*] in Table 1 in de Jong
(1987). In particular, using the notations of de Jong (1987), it follows from our normalization that
(EW1.4) holds whenever the terms Gy, G1, Gyip, Gy tend to zero and the term Gy is asymptotically
equivalent to Var(W(n))?/2. Since (X;)i-1...., are i.i.d., this reduces to the following conditions

.....

n 2h2E [w(X1, X2)* — 0 (dJ.Gy)
n~ B [w(X1, X2)?w(X1, X3)°] = 0 (d1.G)
n~'RZE [w(X1, X2) w(X1, X3)w(X3,X2)] = 0 (dJ.Gm)
hE [w(X1, Xo)w (X1, X3)w(Xa, Xo)w(Xs, X3)] — 0 (dJ.Gv)
haE [w(Xi, X2)*] /Var(W (n)) — 1 (d).Gv)

where the last equivalence follows from 3(%) (%) > = 1/2 + o(1).

We can now use Lemma 3.4 to verify that all the limits hold. = For (EW1.3bis),
we have n~'h,Var(w(X;,X2)) = O(n~'). For (dI.Gy), we have n‘zhﬁE [w(X1,X2)*] =
O(h;'n"%).  For (dJ.Gy), we have n 'h2E[w(X), X2)?>w(X1,X3)?] = O(n~!).  For
(dJ.G), we have n~'h2E [w(X1, X2)?w(X1, X3)w (X3, X2)] = O(n~'). For (dJ.Gry), we have
R2E [w(X1, X2)w(X1, X3)w (X4, X2)w(X4, X3)] = O(hy,). For (dJ.Gy), the result follows imme-
diately from the definition of W(n) and Lemma A.1. For (EW1.5bis), we have n™'E [I(X))*] =
O(n~'). For (EW1.6bis), we have by monotonicity, conditional Holder’s inequality, indepen-
dence, and the tower property that Var(E [w(Xa, X1)I(X5)|X1]) < E[w(Xa2, X1)?](E [[(X2)?])

and so n~'h, Var(E [w(X>, X1)I(X>2)|X1]) = O(n~"). All the conditions for the central limit
theorem in Eubank and Wang (1999) are hence verified. This concludes the proof. O

Proof of Proposition 3.1. From Equation (2.2) and Lemma A.1, we have

2 i(a@m(l)). (A1)

4(
VarU,, = Z(O-L+0(1))+n(n— D,

By distinguishing three cases if necessary, the result then follows immediately from Equation (2.1),

Slutsky’s theorem, Lemma A.2, and the normality of the marginals of bivariate normals. O

Proof of Proposition 3.2. To prove the result, we show that Berry—Esseen bounds hold uniformly

for the linear term L,, and the quadratic term W, respectively. The result for U,, then follows by
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resorting to the standard inequality: for any € > 0,

sup |P(X +Y < x) - CI)(x)| < sup |P(X < x) = ()| + == + P(|Y| > 2).
X X V271'
For the linear term, we can directly apply the Berry—Esseen theorem to the i.i.d. random
variables (k, (X;))i=1.... n. Indeed, we have E [k,,(X1)] = 0 and E [|k,, (X1)|*] < ||fo||20||K||? from
Lemma 3.1. If we define L™ (n) = v/nL, /o, then it holds that

ClllLIKIS
sup |P(LN (n) < x) —(D(x)‘ < —”f0|3| 1
xeR O-L\/E
and so

CM’|IKI}
B3yn
For the quadratic term, we use the Berry—Esseen bounds derived in Dobler (2024) and apply
it to the properly normalized sequence WV (n) = (V20ow)~'\/n(n — 1)h,W,,. From the expansion
of E [W#] in the proof of Lemma A.2, we directly obtain the bound

sup sup |P(LN (n) < x) - <I>(x)| <

feF(M,5) xeR

c1(®)lfolleo 2 (Kl follZ
n

E[WN (n)"] —3] < c2( o

+ &3 () follohn)

where ¢1(K), c2(K), c3(K) are constants that depend on the LP-norms of K. Then from Corollary
2.2 in Dobler (2024), we get

K oo K Z 1/2 38
sup [PV (1) < )~ )| < ¢ LEMle | SEMATs gy ) 4 22
x€R n-hy, n \/ﬁ
and so

K)M K)M? 12 38
sup  sup [P(WN (n) < x) —d)(x)| < C(cl(2 ) + c2(K) +C3(K)M3h,,) +—.
feF(M,s) xeR n=hy \Vn

O

A.3 Proof of the bias bound

Proof of Proposition 3.3. 1. By definition, the change of variables u = (x — y)/h,, and the fact
that fRK(u) du =1, we get

_ 2 — _ _ 2
E[U,] /R £2(0) dx /R /R K ) f(x - uhy) £ () dx du /R £2(0) dx

= [ & [ re=unrde= [ 7200 dran.

We can notice that the inner term is { f (-—uhy,), f())2—|f(-) ||§. Then by expanding the square and
noting that || f (-—uh,)||3 = || £ (-)||3 by translation invariance, we get (f (-—uhy), f(-))2=Ilf ()13 =
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—%llf(-) - f( = uhn)||§. It follows that

ElU. - [ Fedx==5 [ K@IFO) - 7~ uh)lBdu.

By the characterization of B;’m through the L2-modulus of continuity, we directly get that || f(-) —
f(-=uhy)l|l2 < Bluhy|®. It follows then that

|E[U,,]—/Rf2(x)dx|s @‘/Rlulzﬂl((u)ldu.

This concludes the proof with C(B, K) = %Bzf |u|2s|K(u)| du < oo,

2. For some m > 0, define the function f for any x € R by

f(x) =Mep(x) (1 +m Z 2755 cos(2m 2kx)) ,
k=1

where M > 0 is a normalizing constant and ¢ is the density of the standard normal distribution.
The function f integrates to 1 and is bounded from standard properties of Weierstrass functions.
In view of the boundedness of Weierstrass functions, the value m can be chosen so as to ensure the
positivity of f. Since ¢ is infinitely smooth with fast decaying tails and the Weierstrass perturbation
belongs to B; . we directly have that f € B . By the reverse triangle inequality and bounds on
the translation errors for the Gaussian density and the Weierstrass function, we get that there exist
C(m, M) and 6 > 0 such that for all |z] < 6,

1£(-=2) = fO5 = Clm, M)|z|* .

By the same expansion as used in the first part of the proof, we directly get

]E[Un]—/RfZ(x)dx]z wh?/ K (u)|u® du.

ul<é6/hy,

From the non-negativity of the kernel, we have for n large enough that /|u|< 5/h K (u)|u|* du is

bounded from below by some constant C(K) > 0. Taking Cy = C(K)C(m,M)/2 is enough to

conclude the proof. O

A.4 Proofs for the optimal variance estimators

Lemma A.3. Let s € (0,1/2) and fo € L™ N B . Then there is a constant C(fo,K) > 0
depending only on fy and K such that

vl - [ fw | < chrom
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Moreover, it holds that

1 1

3 2s

= dx + O (h \/—\/—).
o /Rfo(x) P T Sn T e,

Proof of Lemma A.3. (Part A) We have the following decomposition
Bl - [ £ = [ (K i) o s [ £ ax
= 2/f02(x)(Kh * fo(x) — fo(x)) dx + / Fo) (Kn * fo(x) = fo(x))” dx,
R R

where K, = fo(x) = fR Ky (x = y) fo(y) dy. We analyze both terms successively.

For the second term, we have that

| [ 50(& = 70 = 5500 ] < Wl = o) = O
2
< o0 c—uhy) - fo)ll, d
< il K@IAC = ) = o), )
2
< il ( [ 1Kl )
= Ci(fo. KOy,

where the second inequality follows from Minkowski’s integral inequality and the change of
variables u = (x — y)/h,, while the third inequality follows from the fact that f, € Biw by the
same argument as in the proof of Proposition 3.3 (where B > 0 is any constant bounding the L2
modulus of continuity of fp).

For the first term, we have that

2 [ R fo0) = o) v = [ KGw) [ 70 (Aol = o) + S+ ) = 2530 d
— - [ K [ (= uh) = £260) (fx = o) = fo0) e
R R

where the first equality follows from the symmetry of the kernel and the changes of variables
u = (x—y)/h, and v = —u, while the second equality follows from the change of variables

w = x + uh, and a simple factorization equality. For any u € R, we have
| /R (£ 6 = wha) = £200) (folx = uha) = fo))ax| < A3 = whn) = FZONNfo- = wha) = fo(la
< 2/l folleo 1 fo (- = whn) = fo )13,

where the first inequality follows from Holder’s inequality, while the second inequality follows
from a simple factorization equality and the fact that fy € L. Indeed, it is seen that || f02(~ —uhy)—
2O < 20 folleoll fo- = thy) = fo()ll2 from the simple factorization f2(x — uhy) — f3(x) =
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(fo(x —uhy) — fo(x)(fo(x —uh,) + fo(x)). Plugging the inequality in, we obtain

2 [ &+ o) = 50) ] < 2ol [ KGNS = k) = o) d
R R

< 2 follwB22 /R (K (1) ]2 di

= Ca(fo, KBy

where the second inequality follows again from the fact that f € B;’OO.

By taking C(fo, K) = C1(fp, K) + C2( fo, K), this concludes the proof.

(Part B) Given the previous bound on the bias of vj,, it suffices now to bound the
variance of v ,. Since it is a third-order U-statistic based on an i.i.d. sample, it ad-
mits a simple Hoeffding decomposition which leads to a simple expression for its variance.
We then simply need to bound E [k5 (X)?], E [k> (X1, X2)?], and E [k3 (X, X2, X3)?] where
ky(X1) = E[kn(X1, X2)kn (X1, X3)|X1], k5 (X1,X2) = E[kn(X1, X2)kn (X1, X3)|X1, X2] and
kS(X1,X2,X3) = k,(X1,X2)kn(X1,X3). By the properties of the conditional expectation, we

can bound these terms directly from Lemma 3.3. Indeed, it is seen that

E[k3(X1)*] =E [k.(X))*] = 0(1),
E [k5 (X1, X2)*] = E [kn(X1, X2)?kn(X1)*] = O (1Y),
E [k5 (X1, X2, X3)%] = E [kn (X1, X2)?kn (X1, X3)*] = O(h,2).

It follows directly from these bounds that Varv; , = O(n~! v n=3h;?) by noting that the variance
of the quadratic term of order n~2h;,! never dominates (when distinguishing the cases nh, — 0

and nh,, — oo if necessary). This is enough to obtain the result in combination with (Part A). O

Lemma A4. Let s € (0,1/2) and fo € L™ N B . Then there is a constant C(fo,K) > 0
depending only on fy and K such that

]E[uz,n] - (/Rfoz(x) dx)z‘ < C(fo, )R .

Moreover, if n2h, — oo, then it holds that

Uop = (‘/RfOZ(x) dx)2 + OP(h%ls Y % \% n\}h_) .

Proof of Lemma A.4. (Part A) Since (X;);=1....n is an i.i.d. sample, it is directly seen that

.....

E [v2,n] = E [kn(X1, X2)|E [kn (X3, X4)] = E [kn (X1, X2)]*.
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By a simple factorization inequality, we get

ool = ([ B dr) =[R2kt 01 - [ B0 de|[B ka1 + [ 0|
< (Il K+ Ao 13) [ B [k (X1, %21 - /R f3 ) d |
< (Il K1 + 11 f013)C (fos KR

where the first inequality follows from Lemma 3.1 and the second inequality from Proposition 3.3.
This is enough to conclude the proof.

(Part B) Given the previous bound on the bias of v, ;, it suffices again to bound the variance of
v, n. Since it is a fourth-order U-statistic based on an i.i.d. sample, it admits a simple Hoeffding
decomposition which leads to a simple expression for its variance. We then simply need to bound
E [kI(X1)?], E [kI (X1, X2)?], E[kL (X1, X2, X3)?], and E [k] (X1, X2, X3, X4)?] where kI (X)) =
E [kn (X1, X2)kn (X3, Xa)|X11, Ky (X1, X2) = B [k (X1, X2)kn (X3, Xa)| X1, X2, K (X1, X2, X3) =
E [kn(X1, X2)kn(X3, X4)| X1, X2, X3], and ky (X1, X2, X3, Xa) = kn(X1, X2)kn (X3, X4). This can

again be done directly from the bounds in Lemma 3.3. It is seen, in particular, that

E [k} (X1)*] = E [ka(X1, X2)°E [ka(X1)?] = O(1),

E [k} (X1, X2)] = E [kn(X1, X2)1°E [kn(X1, X2)*] = O(h;") ,
E[kL (X1, X2, X3)*] = E [kn(X1, X2)*]E [kn(X1)] = O (B, "),

E [k (X1, X2, X3, X4)] = B [kn (X1, X2)*kn (X3, X4)*] = O(h},?) .

It follows directly from these bounds that Varv, , = O(n~! v n=2h; ') by noting that the variance
of the cubic term is of order n=3h;;! and that of the quartic term of order n=*h;? and using the

assumption that n?h,, — co. This is enough to obtain the result. O

Proof of Lemma 4.1. Since s € (0,1/2) and h,, < n~2/s*1) it holds that n*h,, — co. From the

proofs of Lemma A.3 and Lemma A .4, it follows immediately that

an_/fO(x)dx— /fo(x)dx +0 (hzf\/TvnS/lzh)

By plugging h,, =< n~2/*s*1) the result follows directly. O

Proof of Lemma 4.2. The estimator h,v3 , is a second-order U-statistic with kernel h,, k2 (x, y) =
K%((x —y)/hy)/hy. The proof for the bias bound of U,, in Proposition 3.3 immediately transposes
with kernel K? instead of K. The same variance bounds as for U, obtain from the Hoeffding

decomposition of /,v3 5. It thus follows that

1 1
hnvnz/ 2xabc/l('zudu+0 hf;‘v—v .
o= [ S v | K2 dur0p (1 v v )

Since s € (0,1/2) and h,, < n~2/4s+1) it holds that n?h,, — oo. From Lemma A .4, we then know
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that

hy
hpva, = O (hy) + 0,,(h$f+1 v = v ‘/n_) .

It follows that

Uwop = /Rfoz(x) dx/RKz(u) du + Op(hfls v % \Y n\}E) .

By plugging h,, < n=2/4s*1) the result follows directly. O

Proof of Proposition 4.1. By independence and the law of iterated expectations, we already
know that E[vy,] = E[k2(X;)]. It follows that E[vy,] = Vark,(X;) + E [k,(X1)]?
Var k,(X1) + E [k, (X1, X2)]%. Similarly, by independence, we already obtained that E [v,,] =
E [k, (X1, X2)]?. It follows directly that E [vy ,] = Vark,(X;). By independence, we have that
E [v3..] = E[k2(X1, X2)] and so E [v3,,] = Var (k,(X1, X2)) + E [k, (X1, X2)]?. Tt follows that
E [vw.n]/h, = Var (k, (X1, X2)). From the Hoeftding decomposition for the variance of U,,, we

directly obtain E [Vy ,] = Var U,, and this concludes the proof. ]

Lemma A.S. Lets € (0,1/2) and fo € L™ N BS . For any bandwidth sequence h, — 0, it holds
that

VarU,, =

4(n-2) , 2 1, h2s  h%s
— o|l—vV .
nin-1"t nn-1)h, Tw ( n nzhn)

Proof of Lemma A.5. The variance of U,, admits the decomposition

4(n -2 2
VarUy = 2022 G (e (X1)) + —2—Var (ke (X1, X)) .
n(n—1) n(n-1)
We know from the proof of Proposition 4.1 that Vark,(X;) = E [vr ] and Var(k, (X1, X2)) =

E [vw nl/h,. From the proofs of Lemma 4.1 and Lemma 4.2, we know that E [vp ,] = O'z +

O(h') and E [uw,n] = o, + O(h%*). The result then follows immediately by substituting these

approximations in the variance decomposition. O

Proof of Proposition 4.2. We have from the proof of Lemma 4.1 and Lemma 4.2 that
1

Viyn — Var U, = l0,,(h§~‘ V=V =) F— o0 (h2 v Ly ! )+0(h_53 g )
’ n vo o nm32n,) w2k, P\ Nn o nvhy, n  n*hy,
From Lemma A.5, we also have VarU, < n~! v n‘zh,jl. Then take h,, < n=2/Gs+D If g >
1/4, then (VarU,,) ' (Viy, — VarUy,) = 0, (n~1/2) + n1=4)/GstD g (n=1/2) 4 O (n=4s/s+D)) =
Op(n‘l/z). If s < 1/4, then (VarU,)~'(Vy,, — VarU,) = n(4s‘1)/(4“+1)0,,(11“‘125)/(8”2)) +
O, (n=4/UstDy 4 0 (p=4s/Us+1)y = 0, (n=4s/(4s*1)) By combining the two cases, this is enough

to conclude. ]
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A.5 Proofs for the plug-in variance estimators

Lemma A.6. Let fy € L™. It holds that

» _(n-1) +(n—1)(n—2)vl’n_(u)2

N U3 n
L.n n2 n2

Moreover, if n2h, — oo, then

1 1
2 2 2
Spn=0L+ nhnO'W+0p(1 \Y nhn)'

Proof of Lemma A.6. The first thing to note is that s% ,, Tewrites as a leave-one-out estimator since

the diagonal terms tK (0) cancel out. That is,

= 2 (S0 - (5 ke )
i=1

J#i i=1 j#i
I <1 2 n—1\2
PR G
i=1 J#

It is then seen that the first term can be exactly decomposed into appropriately rescaled versions of
U3, and vy . It follows that

n—1
; _=b,

n—-1)n-2 n—1\2
RCESCE BT IO

n
n? n

Suppose now that n>4,, — co. From the results of Section 3, we have that U,, = fR f02 (x) dx+o,(1)
and so, by continuity, we obtain that U2 = ( fR fo2 (x) dx)®+0 p(1). From the results of Section A.4,
we have that v, = /R fg (x)dx + 0,(1) and that h,v3, = (rvzv + 0p(1). By combining the

approximations in the expansion for si ,,» we directly obtain that

1
2 _ 2 2
Spn=01+ A 0'W+0p(lv
nhy

nhn)'

O

Proof of Lemma 4.3. From the results of Section 3, we have that U,, = fR fo2 (x)dx+0O p(h%f \%
n12v n_lh;1/2). It follows by expanding the square that U2 = (/]R foz(x) dx)? + 0, (h* v
n~12v n‘lh;m). From the results of Section A.4, we know that v; , = fR fo3 (x) dx + Op(hﬁs \Y%
n~2 v n732ps Yy and that huus . = 03, + 0, (h2 V =2 v = k%), By combining all the

approximations in the expansion, we get that
=0t +0,(HE v ).
g nhy,

By taking 4, < n~'/(>s*1)we obtain the result. m|
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Lemma A.7. Let fy € L™. It holds that

(n-1) (n-1) n—1\2 2(n—1)
S%V,n = hn n U3 n + nzhn KZ(O) — hn( " ) Uﬁ - nz K(O)Un .

Moreover, ifnzhn — oo, then
53, =0k +LK2(O)+0 (IVL)
W,n w nhn p I’lhn .

Proof of Lemma A.7. By isolating the diagonal term and expanding the square, it is directly seen
that

., (n=1) (n=1) > n—1)\2 2_2(n—1)
S = U S K (0) hn( ; )U,, KO,

Suppose now that n>h,, — co. From the results of Section 3, we know that U, = O p(1) and

U2=0,(1)sothatU,/n = 0,(1) and h,U2 = 0,,(1). We then know from the proof of Lemma 4.2
K%(0

nhy,

that h,v3 , = 0"%‘, +0p(1). Since ) is deterministic, we directly obtain by combining the terms
that

1 1
2 2 2
SW’n:O'W'F%K (0)+0p(1\/m).

O

Proof of Lemma 4.4. Since s € (0, 1/2) and h,, < n="/*1 it holds that n*h,, — co. We know
that Uy, = [, f2(x) dx+0,(h2 v~ 2 vn=' ' 2y and U2 = ([, f2(x) dx)? + 0, (h2 v~ v

n‘lhgl/z) as well as h,v3 , = a"%v +0,(h% v n~12v n‘lh,zl/z). It follows immediately that

1
2 2 2
SW,n = O'W+0p(hns \Y M) .

By taking &, < n~'/(25*1) the result follows directly. O

Lemma A.8. For any bandwidth sequence h,, — 0 and any n > 4, it holds that:

1.
E[s7 ] — Vark,(X,) = —W_;#Var kn(X1) + anr kn (X1, X2)
2.
E [S%,V,n] — hyVark, (X1, Xp) = - hnél(n_;#\’ar kn(X1) - hn%"” kn(X1,X2)
k0 - 2D K08 (X1, )]

n-—1
+ hn—=E [k (X1, Xo) ]
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4(n =2)(Tn> = 12n + 6)

E S, (hn, b)) = Var Uy (hy) = - Var k(X))

n*(n-1)
202n° = 11n? + 14n -
@n7 = 1+ 180 2 0) G ko (X1, X0)
n*(n-1)
2 2
+ K2(0) - K(0)E [k, (X1, X
KO0 = 5K O [k (X1, )]

2
+ 3E[kn(Xl’X2)]2
n

Proof of Lemma A.8. 1. From the proof of Proposition 4.1, we have E [v; ,] = Vark,(X;) +
E [k, (X1, X2)]? and E [v3,,] = Var k,, (X1, X2)+E [k, (X1, X2)]%. We know that E [U2] = VarU,, +
E [k, (X1, X2)]?. From the expansion of s% . We get

n—1\2

(n—1) ) VarU,, ,

E[s%’n]: " Var k,, (X1, X3) +

W\@r kn(X)) — (
n

since the terms E [k, (X1, X»)]? cancel out. By the Hoeffding variance equality for Var U,, and
direct computations, the result follows.

2. The proof proceeds similarly from the expansion of S%}v, ,, by noting that (n—1)K 2(0)/(n?hy,)
is deterministic and E [U,,] = E [k, (X1, X»)]. The result then follows from the Hoeffding variance
equality for Var U, and direct computations. In this case, the terms E [k, (X;, X»)]* do not cancel
out but reduce to h, (n — 1)E [k, (X1, X2)]*/n>.

3. The proof follows directly from combining (1) and (2). O

Proof of Proposition 4.3. (Part A) Werecall that E [k, (X1, X2)] = O(1), E [k, (X1, X2)]?> = O(1),
Vark, (X1) = O(1), hyVar k, (X1, X2) = o3, + o(1). It follows, in particular, that 2(2n° — 11n* +
14n — 6)Var k,, (X1, X2)/(n*(n = 1)) + 2K*(0)/n*h3 = D, + o(D,) where D,, = 403, /n*hy +
2K?(0)/n*h2. All other terms in the expansion of the finite-sample bias of S%], 2 (hny hy) from
Lemma A.8 are seen to be negligible with respect to D,,. The result then follows immediately.

(Part B) The result follows immediately from combining Lemma A.6 and Lemma A.7. O

—1/(2s+1)

Proof of Proposition 4.4. Suppose that h, =< n From Lemma A.5, Lemma 4.3, and

Lemma 4.4, we directly have for any £,

4(n-2) 2 _ h¥  h*
S2 (hp, b)) = Var Uy, = + ]0 ( 2s/<2~*+‘>)+0(—"v n )
U.nUtns It) = Var Uy nn—-1) nn-Dh,1 " " n  n’h,

We know that Var U, < n~' v n=2h;;!. Suppose now that h,, = n=2/4s*1)_ For any s € (0, 1/2),
we directly obtain from the previous expansion that (Var Un)‘l(S%J,n(hn,h;,) — VarU,) =
0, (n=25/2s+Dy 4 O(n=4s/Us*D)) - Since O (n=4/@s*D) = o(n=25/(25+1) " the result follows im-

mediately. o
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A.6 Proof for the nonparametric bootstrap variance estimators

Proof of Corollary 4.6. From Lemma A.5, we have that

Var U, (h,) =

vV —].
nn-1) L n(n-1)h, WO, nzhn)

It follows from Proposition 4.3 that

2K2(0
Var* U (hy) | (4o, +
——— =1+ ————F—[(1+0,(1))
Var U, (h;,) nhy, 40%_’_ 2’;:
1
=1+0 ( )
nhy,
Suppose that &, < n=2/#*D If 5 > 1/4, then 1+ 0, (n"'h;') = 1+ 0, (n~@s=D/Gs*Dy ¢
s <1/4,then1+0,(n"'h,!) = OP(n(1‘4S)/(4S+1)). This is enough to conclude. m|

A.7 Proofs for the subsampling variance estimators

Lemma A.9. Let fy € L™. For any bandwidth sequence h, — 0 and any n > 4, it holds that:
1.

D) = ()53 )

Uy (hn) = U3, (1) = 57 (hn) = Up(hy) .

2n
(n-1)(n-2)
Proof of Lemma A.9. 1. By expanding the square in the definition of W%, ,, and noticing that the

cross terms are equal to 2(n — 1)2U2, we get

S (S k) e

i=1  j#i
ol

(3 [ 2 G k) - (5

J#I

l//Ln

This is enough to conclude from the proof of Lemma A.6.
2. By expanding the square in the definition of l/l%v ,, and simplifying the coefficients for each

term, we get

L//%;v,n=v3,n— 2(n_1) Z( Zk (X, X )) +—U2

]#z

By noticing then that

(S ) < (2 e

i=1 JEL
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we directly get

'702 =us3, — 2—’12S2 _ U2
W,n sn (I’l _ 1)(7’1 _ 2) L.,n n*

m]
Proof of Proposition 4.7. (Part A) We start by computing E [z,//i .l and E [;l/%v ] using the expan-

sions of Lemma A.9 and the bias results for v3 , and si’ ,, of Section A.4 and Section A.5. From

Lemma A.9, we have

Ely2,]= n” -1 ((n — 4)Var k(X)) + Var k(X Xz)) .

(n-2)
Similarly, by expanding and grouping the terms, we get

3
" 1 ( —2Vark, (X)) +Varkn(X1,X2)) .

E[Yiy,] = —

By combining and grouping the terms together, we obtain that

ey Hn—m) ) 2(n-m)(n—-m—1)
BlVar Usl = B T =3)
_ 4n—m)(mn—2m —2n+2)

mn(m—-1)(n—1)

E Yy ]

(n-m)(n+m-1)

2
Varkn (X1) + mn(m—1)(n—1)

Var k, (X1, X2)

Subtracting from E [Var® U] the Hoeffding decomposition of the variance Var U, and grouping
the terms yields the result.

(Part B) From Lemma A.9 and Lemma A.6, we directly have

1 1
2 2 2
=07 +—0ow + 1v —) .
(//L,n L nhn %% OP( I’ll’ln

From Lemma A.9, Lemma A.6, and the proof of Lemma 4.2, we obtain that

1 1 2 1
2 2 2 2
wW,n = h—nO'W+0p(E) —20’L—ma'w+0p(1 \Y nhn)+0(1)
1, 1
=—oy +o0
h, W P(hn)

Suppose now that m/n — 0. Then from the definition of Var® Ug and by noticing that the terms

O, ((mnh,)~") and O(m~2) are 0,(m~' v m=2h;;'), we can directly conclude that

Var Ut = 2024 2 52 ( VR )
ar =—0r+——05 40, —V ——]).
S m E o m2h, W P\m o m2h,

O

Proof of Proposition 4.8. From Lemma A.9, the proofs of Proposition 4.2 and Proposition 4.3, we
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have that

1
2 2 2 .
wL,n =07 +0p(hns \% Tn),

1 1
hotay, =0 +0 (hisv—v )
"lf//W,n w p \/ﬁ nm
Suppose that m = n/log(n). If we denote the coefficients of lﬂ%’n and ‘ﬁxz)v,n in Var*Ug by A, and
B,,, respectively, then A, < 4log(n)/n and B, =< 2(log(n))?/n>.
1. Suppose that s > 1/4 and h,, < n=2/s*1) From the previous approximations, we obtain
that

4 1 21
Var*U§=;(o-i+0p(hﬁsvﬁ))+ n(;i(n)o'vzv(l"'op(l))-
n n

log(n)

Since Var U, < 4077 /n, we obtain that

Var* U
e vt = Onlig) +0n () = 10 ((5).

By noting that nh,, = n*s=1D/(4s+1) "the result obtains.

2. Suppose that s < 1/4 and h,, < n=2/(#s*1)_ From the earlier approximations, we obtain that

1 1
— —_Var' U - VarU, = (o7 -1 240y (h2 v —))
(og(m? 0 Us =V Un = iogy (71—l + Op (v
1 1 1 h2s 2
+ Op(hffv—v )+0(iv A )
n?hy, Vo nvh, n  nhy,
1 1
— - - h2s
O(n) * n2hn0p( n)
Since Var U,, = 20'%, /n*h,,, it follows that
1 Var* Us
~1=0,(nhy v B2).
(log(n))? VarU, p "1t ¥ M
By noting that nk,, = n*=1D/4s+1) "we obtain the result. O
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B Supporting material for the simulations

B.1 Plots for the standard normal design

Standard Normal
5=0.45

w Empirical Histogram (100,000 draws)
—— Weierstrass-Perturbed Standard Normal Density

Figure 1: Density and Empirical Histogram, Standard Normal Design with s = 0.45

Standard Normal
5=0.05

e Empirical Histogram (100,000 draws)
— \Weierstrass-Perturbed Standard Normal Density

Figure 2: Density and Empirical Histogram, Standard Normal Design with s = 0.05
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B.2

0.40

0.35 4

Plots for the Laplace mixture design

Laplace Mixture
5=0.45

wwm Empirical Histogram (100,000 draws)
— \Weierstrass-Perturbed Laplace Mixture Density

Figure 3: Density and Empirical Histogram, Laplace Mixture Design with s = 0.45

Laplace Mixture
s=0.05

wm Empirical Histogram (100,000 draws)
—— Weierstrass-Perturbed Laplace Mixture Density

Figure 4: Density and Empirical Histogram, Laplace Mixture Design with s = 0.05
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