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To prove Prokhorov’s theorem, we use the Riesz(—-Markov—Kakutani) representation
theorem which was proved in Lecture 13.

Theorem 1 (Prokhorov’s Theorem). Let (X, d) be a metric space, M (X) the space of
all Borel probability measures endowed with the topology of weak convergence, and N a
subset of M (X).

1. If N is tight, then N is relatively sequentially compact.

2. If (X, d) is Polish and N is relatively sequentially compact, then N is tight.

Proof. 2. Suppose that N is sequentially compact and (X, d) is Polish. We first claim
that if Uy, Uy, ... are opens sets in X that cover X and if € > 0, then there exists a k > 1
such that for all u € N,

/J(OUZ) >1-e.

By contradiction, suppose that for every k > 1 there is a ux € N such that ﬂk(Ul (Ui <
1- £, Since V is sequentially compact, there is a 4 € A and a subsequence such that
Ui, SN u. Forany n > 1, [Ji, U; is open, so

n n k;
ﬂ(.U1 U;) < liln_l)glfﬂkl(u Ui) < liminf py, (U1 U)<1-e.
1= 1= 1=
But U2, U; = X, so u(UiL; U;) — u(X) =1 as n — oo, a contradiction which proves
the claim.
Now let £ > 0. Take D = {x;,x>,...} dense in X. For every m > 1, the open balls
Bi/m(x;),i=1,2,..., cover X, so by the claim there is a k,,, > 1 such that for all u € N,
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Then K is closed and for each 6 > 0, we can take m > 1/6 and obtain K C Uf‘:’l Bs(x;)



so that K is totally bounded. Since X is complete, K is compact. Now for each u € N,
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This proves that A is tight.

(1.) Suppose that A is tight. Thus, for every n € N, there is a compact set K,, C X
such that u(K,) > 1 —n~! forall u € N. Define Xy := U,»1 Ku. Then u(Xo) = 1 for all
4 € N (and so there is no of loss of generality in assuming that A" € M (Xp)). Since
each K, is compact, (we can take a countable dense for each and so) X is separable. By
Lemma 8, Xy is homeomorphic to a measurable subset of a compact metric space, i.e., it
can be viewed as a subset of a compact metric space X.

We now consider N' € M (Xy) as a subset of the space M (X), which is sequentially
compact with respect to the topology of weak convergence by Lemma 7. Every sequence
(n)nex in N has thus a weakly convergent subsequence (i, )ken With limit g € M (X).
To finish the proof, we need to show that i(Xy) = 1, since then there is a u € M;(X)
agreeing with i on Xy such that u(X \ Xo) = 0 and so uy, N o in M (X). Indeed, by
portmanteau, we have

fi(Xo) > A(Ky) = limsup py, (Ky) 2 1= N~

k— 00

and the claim follows by letting N — oo. This concludes the proof. O

Reference. T.5.2. in van Gaans’ notes p.14 or T.6.26. in Cerny’s notes p.49 or T.1.34. in
Méliot’s notes p.20.

Remark. There are several ways to prove the direct implication of Prokhorov’s theorem
which is the difficult part of the theorem: (a) one measure-theoretic way by construction
of the weak limit using a diagonal argument and then following similar steps as in
Carathéodory’s theorem (see T.5.1. in CPM Billingsley p.59); (b) one functional-analytic
way where it is first proved that compactness of the initial space implies compactness of
the set of finite Borel measures on the space (see T.5.2. in van Gaans’ notes p.14 or T.6.26.
in Cerny’s notes p.49). Another proof consists in extending the result from R¢ (proved
as in Helly’s theorem or as in (a) using a diagonal argument) to R" and then embedding
X into RY (see T.23.2. in Kallenberg FMP p.507).

Remark. The direct implication (1.) is often stated for X separable. There is no difference
in assuming separability since "once you have a tight family, then all those measures live
on a separable subset of X anyway, so the rest of the space is irrelevant and might as well
not be there" (Nathaniel Eldredge). See the proof for the details of the argument.



Lemma 2 (Portmanteau Theorem). Let X be a metric space and u, uy, pua, - - - € Mi(X)
be Borel probability measures on X. Then the following propositions are equivalent:
w

L pn —

2. for all bounded and uniformly continuous function f on X, lim,_ f fdu, =
[ fdu;

3. for all closed sets F C X, limsup,,_,, un(F) < u(F);

4. for all open sets G C X, liminf, . u,(F) = u(F);

5. for all Borel sets A € B(X) with u(0A) =0, limy,—,c pn(A) = u(A).

Proof. The implication (1) = (2) is clear and the equivalence (3) <= (4) as well (by
taking complement).

(2) = (3): Fix F C X nonempty closed. Let Uy, := {x € X : d(x,F) < 1/m}
for any m > 1 (where d(x,A) := inf,cad(x,a) if A # 0). Then Uj, is closed and
infyer yeue d(x,y) > 1/m. Define f,, as fiu(x) = d(x,Uy,)/(d(x,Us,) +d(x, F)).
Then f,,, is bounded and uniformly continuous on X with 0 < f,;, < 1, f;, = 1 on F and
fm =0o0nUs,. Hence, 1r < f, < 1y,,. Then by (2),

timsup o, () < limsup [ oy dn = [ fo s < (0.

n—oo

Since F is closed, (,,_; Un = F. Since the sets U,, are decreasing, then by continuity
from below of measures

u(F) = lim pu(U,) < limsup(F).
m—o0

n—oo

(3) and (4) = (5): Let A € B(X) with u(0A) = 0. Then u(A°) = u(A) = ,u(Z).
Moreover, A° C A C A, A° is open, and A is closed. Hence,
u(A) = u(A° < liminf u, (A°) < liminf u,(A)
n—oo n—00

< limsup p, (A) < limsup(A) < u(A) = u(A).

n—0o n—oo
(5) = (1): Fix f € Cp(X). Decompose the range of f so that

N

c U[Ci,Cm]

i=1

inf f(x), sup f(x)
xeX xeX

with u({f =¢;}) and 0 < ¢;41 —¢; < gforall 0 < i < N. This is always possible since
f is bounded and the distribution function of f, t — u({f < t}), has at most countably
many discontinuities. The sets A; = {¢; < f < c¢;4+1} are measurable with ;(6A;) = 0.
Define g = Zf\il ¢;ila,. Then (5) implies lim, / gdu, = f g du. By construction,
sup,cx |8(x) — f(x)| < &, and thus

lim sup /fd,u,,—/fd,u < 2e.
Since € and f are arbitrary, this proves that yu, SN u. |

Reference. T.3.2. in van Gaans’s notes and T.6.12. in Cerny’s notes.



Lemma 3 (Tychonoff’s theorem). Let I be any set and, for each i € I, let K; be a
compact topological space. Then the product

K ;:HK,- ={x = (x;)ies : x; € K; foralli € I}

i€l

is compact with respect to the product topology (that is, the weakest topology on K such
that the obvious projection nt;: K — K; is continuous for every i € I).

Proof. A family G of subsets of K has the finite intersection property if the intersection
of every finite subfamily of G has nonempty intersection. Let F be a family of closed
subsets of K that has the finite intersection property. The collection of all families of
closed subsets of K that have the finite intersection property and contain JF is partially
ordered by inclusion and every chain has an upper bound (the union of all sets in the
chain). By Zorn’s lemma, there is a maximal family ), in this collection. Denote
n;: K — K; the canonical projection onto the i component. Then the family of closed
sets {71;(F)}re F, has also the finite intersection property. Since K; is compact, there
is some x; € (\per,, mi(F). If F; is a closed neighborhood of x;, then ﬂi_l(Fi) € Fu
(since otherwise there would be some F' € Fj, such that F N7 ! (F;) = 0 contradicting
n;(F) N F; # 0). For every finite subset Iy C I, we have (;¢, ni‘l(Fl-) € Fur. Thus for
every I € Fyy, we have (¢, ni‘l (F;)NF # 0, and so every neighborhood of x = (x;);cr
intersects F. Since F is closed, we have that x € F. Since x € F forall F € F; 2 F, we
have that x € F for all F € F, and so K is compact. m|

Reference. T.B.18. in Teschl TRFA p.535 or T.A.2.1. in Buhler&Salamon ETHZurich
FA’s notes p.450.

Lemma 4 (Banach—Alaoglu Theorem). Let X be a (real) normed vector space and X*
its dual topological space (that is, the space of all linear functionals on V) endowed with
the norm

[x*Il = sup  |x"(x)[.
xeX:||x|| <1

Then the closed unit ball
B ={x"e X" :||x*|| £1}

in X* is compact with respect to the weak* topology.

Proof. We apply Tychonoff’s theorem with parameter space I = X. To each x € X,
associate the compact interval

Ko = [=llx]l, lIx][] € R.
The product of these intervals is the space

K= ][] Ke={f: X 5 R:|f(x)] < [Ix|| forall x € X} ¢ RX.
xeX

Define
L:={f: X - R: fislinear} C R¥,

then
B*=KnL.



By definition, the weak* topology on B* is induced by the product topology on RX. We
now prove that the set L is closed in RX with respect to the product topology. Fix x,y € X
and A € R, and define the maps ¢, , : RX — Rand ¢, 1: RX — R by

bxy(f) =fx+y) = f(x) = f(y) and ¢ a(f) = f(Ax) = Af (x).

By definition of the product topology, these maps are continuous, and thus the set

L= () ¢:50n (] ¢:40

x,yeX xeX,AeR

is closed with respect to the product topology. By Tychonoff’s theorem, K is a compact
subset of RX. Moreover, the space RX is Hausdorff. It follows that B* = K N L is
compact. O

Reference. T.3.2.4. in Buhler&Salamon ETHZurich FA’s notes p.126 or T.5.10. in Teschl
TRFA p.143.

Lemma 5 (Riesz(—-Markov—Kakutani) representation theorem). Let X be a compact met-
ric space. The spaces of continuous functions C(X) and the space of finite signed Borel
measures M?(X ) are isometrically isomorphic.

Proof. See Lecture 13. O

Lemma 6 (X metrizable and separable implies M (X) metrizable and separable). Let X
be be a metrizable and separable topological space. Then the space M (X) of all Borel
probability measures on X endowed with the topology of weak convergence is metrizable
and separable.

Proof. Let d be a metric on X. Define the Lévy—Prokhorov metric on M (X) by
p(u,v) :=inf{e > 0: u(A) < v(A®)+eand v(A) < u(A®)+eforall A € B(X)}

where A = {x € X :d(x,y) < e forsome y € A}.

We first show that p is a metric on M;(X). Symmetry follows directly from the
definition. Since (A®)” C A®*", the triangular inequality follows immediately. We now
show that p(u, v) = 0 implies u = v. Let A be a closed subset of X. Then A = (). A%.
Since u(A) < v(A®) +ecand v(A) < u(A®) + ¢ for all € > 0, then by letting £ — 0 we
have p(A) = v(A). Since this holds for any closed subset A of X, we have u = v. This
proves that p is a metric on M (X). Note that we can rewrite p as

p(u,v) =inf{e > 0: u(A) < v(A®) +eforall A € B(X)}.
Indeed, let £ > 0 such that u(A) < v(A¥®) + . Note that ((A¢)¢)¢ C A°. Then
v(A) =1-v(A%) < 1=v(((A%)9)®) < u((A®)°) +& = u(A®) +e.

We then prove that p metrizes weak convergence. Let (u),en be a sequence in
M (X) such that p(u,, u) — 0 for some pu € M;(X). Let A be a closed set in X and
& > 0. There exists an integer ng such that for all ng > n, u,(A) < u(A®) + &. Hence
limsup,, pn(A) < u(A®) + e. By letting ¢ — 0, we get that limsup,, 1, (A) < u(A)



since A = (z-0 A? as a closed subset. By portmanteau, we have y,, N p. Conversely,
suppose N w and let (x,,)men be a dense sequence in X. For all € > 0, we have X =
Umen Be(xm). Fix & > 0 and a finite subset M C N such that u(|U,,,cps Be(xm)) = 1—&.
The set/ of all open sets of the form U = Bz (X, )U- - -UBg(xp,) for {my,....,m,} €M
is finite, and so, by portmanteau, for n sufficiently large, u(U) > u(U) — & for all
U € U. Fix A € B(X) and approximate A by U(A) := Upmem:B, (x,)naz0 Be(Xm). If
x € A\ U(A), then x is not in any ball B.(x,,), m € M, and so x is in a subset of
p-measure less than . Therefore,

p(A) < u(U(A)) + u(A\U(A)) < pn(U(A)) +2&.

Since U(A) C A%, then
1(A) < pn(A%®) + 26

Therefore, by asymmetric redefinition of the Lévy—Prokhorov metric, we have p (i, u) <
2¢. Since & > 0 is arbitrary, this proves that d(u,,, u) — 0.

We finally show that M (X) is separable. Let (x,,)men be a dense sequence in X.
Consider the countable set of probability measures of the form v =),/ 7,6, where
M C N is finite and the r,, are rational numbers such that > _,, r, = 1. We want to
approximate up to £ > 0 with respect to p a measure u € M (X) by a measure v of
this form. Fix M such that u(\J,,cpr Bs(xm)) = 1 — €. By intersecting appropriately the
balls B (x;,), we can find disjoint measurable subsets B, such that x,, € B,, C Bg(x,)
for all m € M and such that U,,cps Be(Xm) = Lmers Bm- Take v = >, s FmOx,,
where the r,, are chosen so that >, [rm — t(Bm)| < €. Let A € B(X) and define

V(A) = Umem:B,,naz0 Bm- Then
p(A) < u(V(A) + u(A\V(A)) < u(V(A)) +e&.

Since V(A) € A® and [u(V(A)) = v(v(A)| < X emB, nazo 1H(Bm) = rm| < &, we
have
w(A) < v(V(A)) +2¢ < v(A%®) + 2e.

By definition, this implies that p(u, v) < 2¢, and so we found a countable dense subset
of M (X). This concludes the proof. O

Reference. P.1.25. in Méliot.

Lemma 7 (X compact implies M (X) compact). Let X be a metrizable compact topo-
logical space. Then the space M (X) of all Borel probability measures on X endowed
with the topology of weak convergence is metrizable compact.

Proof. We apply the Banach—Alaoglu theorem to the space C(X) of continuous function-
als on X. By Riesz’s representation theorem, we can identify M?(X ) = C(X)*. Then the
Banach—Alaoglu theorem guarantees that the ball B* in ./\/l;—:.(X ) is compact. Moreover,
M (X) is a subset of B* since || f]lco < 1 and p € M (X) imply |u(f)| < 1. To show
that M (X) is compact, it thus suffices to show that M(X) is closed. We have that
M (X) is the intersection of

{n e M(X) = u(l) =1}



and
{pe M(X): u(f) =0forall f e C(X) with f > 0},

which are closed with respect to the weak™* topology as inverse images of closed sets in
R under weak* continuous maps. It follows that M (X) is closed and hence compact.
Since X is metrizable compact, it is separable. By Lemma 6, it follows that M (X) is
also metrizable (and separable), and hence metrizable compact. O

Reference. P.1.26. in Méliot.

Lemma 8 (Separable Metric space embedded in Hilbert cube (part of Urysohn metrization
theorem)). Let X be a separable metric space. Then there exists a compact metric space
Yandamap T: X — Y such that T is a homeomorphism from X onto T (Y).

Proof. LetY := [0, 11N = {(&)ien : & € [0, 1] forall i € N}. Since [0, 1] is compact,
Y is compact for the product topology by Tychonoff’s theorem, and it is metrized by
d(ém) => 2, 27"& — ;| forall €, € Y. Let (x;)ien be a dense sequence in X and
define a;(x) := min{d(x,x;),1} for all x € X and all i € N. Then define the map
T:X - Yby

T(x) == (ai)iew = (min{d(x,x;), 1})ien.

The map T is 1-Lipschitz since
d(T(x).T(y)) =Y 27 |min{d(x,x;), 1} - min{d(y,x;), 1}|

i=1
<> 27 d(xx) —d(y.x) <Y 27d(x,y) =d(x, y).
i=1

i=1

In particular, the map 7T is continuous. We now show that for any C € X closed and
x ¢ C, there is € > 0 and i such that @;(x) < &/3 and a;(y) = 2¢/3 forall y € C. Take
e :=min{d(x,C), 1} € (0, 1] and i such that d(x, x;) < &/3. Then «;(x) < /3 and for
any y € C,

@;(y) = min{d(y,x;), 1} > min{(d(y,x) — d(x,x;),1)}
> min{d(x,C) — £/3,1} > min{2¢/3, 1} = 2&/3.

In particular, if x # y, then by regularity of X and the previous claim, there exists i such
that a; (x) # a;(y). This proves that T is injective, and so bijective on its image T (X). We
finally show that for any (v, ),en and y in X, we have y,, — yifandonlyif 7 (y,) — T(y).
If y, — y, then ;(y,) — «;(y) for all i € N by continuity, and so d(T(y,),T(y)) — 0
as n — oo (by the Moore—Osgood theorem for iterated limits). Conversely, suppose that
yn 7> y. Then there is a subsequence such that y ¢ {y,,, yn,,...}. Then by the claim
there is i such that ¢;(y) < &/3 and @;(y,,) > 2¢&/3 for all k, so that @;(yn, ) 7 @;(y) as
k — oo, and hence T (y,, ) # T(y). This concludes the proof. O

Reference. 1..5.4. in van Gaans’s notes p.16.

Addendum. Definitions and use of Prokhorov’s theorem.

Definition 9 (Tight (Family of) Measures). A collection M C M ¢(E) of finite measures
on (E,B(E)) is said to be tight if for all £ > 0, there exists a compact set K C E such



that
sup{u(E\K): ue M} <e.

Remark. Prokhorov’s theorem is of fundamental importance in probability theory as it
can be used to: first, (a) determine weak convergence of a tight sequence since it suffices
then to prove that any convergent subsequence has the same limit (see L.1.20. in Méliot’s
notes where 1. is verified due to sequential compactness); and then (b) to construct a
measure with given properties as limit of a tight sequence of measures whose convergent
subsequences have same limit.

Lemma 10 (L.1.20. in Méliot). Let X be a metric space and (x,)nen a Sequence in X.
Suppose (xn)nen satisfies the two properties:

1. every sub-sequence of (x,)nen has a convergent sub-subsequence;

2. if (xp, )ken is a convergent sub-sequence of (X, )nen, then its limit is x.
Then (x,)nen is a convergent sequence and its limit is x.

Proof. Suppose x, 7> x. Then there exist £ > 0 and a sub-sequence (x,, )xen such that
for all k € N, d(x,,,x) > €. By assumption, there exists a convergent sub-sub-sequence
(xnkl )iegN Of (X, )ken whose limit we denote y. Then d(y,x) > . This contradicts the
fact that every convergent sub-sequence of (x;),<n has limit x. O
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