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1 Martingales and local martingales

Let (Q, F, P) a probability space. A collection of c-algebras (F;);>o indexed by
[0, o) is said to be a filtration if F; C F;4 for any ¢, s € [0, 00). A filtration is said to
be right-continuous if for every t > 0, F; = F+ = () oo0 Fr+e- A filtration is complete
if (Q,F,P) is complete and {A € F : P(A) = 0} € Fp. A right-continuous and
complete filtration is said to be standard (or to satisfy the usual conditions). A random
variable T with values in [0, co] is said to be a stopping with respect to a filtration (F;) if
{T <t} € F; forevery t > 0. A process X = (X;)r>0 is said to be adapted to a filtration
(Ft)eso if for every t > 0, X; is F;-measurable. All processes we now consider take
values in R or R?.

Definition 1 (Martingale). A process X is said to be a martingale with respect to a
filtration (F;) if:

(1) X is adapted to (F7);

(ii) X is integrable, i.e., E [|X;|] < oo forall ¢ > 0;

(iii) E [X;45|F7] = X; forall ¢, s = 0.

It can be shown that all martingales with respect to standard filtrations have a version
with cadlag sample path (see Lalley’s notes). In what follows, we always consider
martingales with cadlag sample path.

If X is a martingale, the optional stopping theorem states that if 7" is a bounded
stopping time, then the stopped process X7 := (X;7):>0 is also a martingale. "Stopping
can be used [...] to truncate the path of a process in order to gain more integrability
or tightness while keeping adaption and continuity" (D. Chafai). This prompts us to
introduce a category of processes that generalize martingales.

Definition 2 (Local Martingale). A cadlag process adapted to a standard filtration is
said to be a local martingale if there exists a sequence of stopping time (7 ),en With
Ty <T, <...and T, — oo a.s. such that X» is a martingale for every n € N.

Every martingale is a local martingale, but the converse is false. A martingale can be
understood as the fortune of a player in a fair game. A strictly local martingale can be
understood as the fortune of a player in a game that is only locally fair — it is akin to a
financial bubble. Strict local martingales do not exist in discrete-time.



2 Stochastic integration

[REFs. Le Gall BMMSC (2013), Etheridge’s lecture notes CMSC (2018), Beresty-
cki’s lecture notes SCA (2010)]

In this section we establish the notion of stochastic integrals (in the sense of 1td) for
continuous martingales (i.e., martingales with continuous sample path). We would like
to define an integral of the form

/ F(s)dM, = / Flw,s) dM; ()
0 0

as a Stieltjes integral, but the variations of the sample path of M; are too wild for that.
For instance, the sample path of a Brownian motion is a.s. nowhere differentiable, and so
exhibits a.s. infinite total variation. The trick to rigorously define stochastic integrals is to
leverage the fact that continuous martingales have finite quadratic variations: stochastic
integrals can be defined as limits in some appropriately defined L? space of (well-defined)
integrals of some simple processes that takes only finitely many (bounded) values.

Denote M? the set of all cadlag martingales bounded in L? and M?2 the set of all
continuous martingales bounded in L?.

Proposition 3. Let X € M?. There exists Xo, € L? such that
X, > X In L% and a.s., ast — oo.

Moreover, X; = E [ X|F:] a.s. forallt > 0.
The set M? is anormed linear space which we endow with the norm ||M||? := E [M2].

Definition 4 (Simple Process). A simple process is any map H: Q X (0, c0) — R of the
form

m
H(w.1) =Y Zi(@) (.1 0
i=0
where n € N, 0 =19 < -+ < tj41 < o0, and Z; is a bounded F;,-measurable random
variable for all i. The stochastic integral for H with respect to M € M? is defined as

t m
/ Hg dM; = ZZi(Mfm/\t _Mti/\t)-
0 i=0

We denote the set of simple processes by £.

Theorem 5 (Quadratic Variation). Let M be a continuous local martingale. There exists
a unique (up to indistinguishability) adapted continuous non-decreasing process denoted
by [M] := ([M];);s0 such that [M)o = 0 a.s. and the process given by M? — [M], is a
continuous local martingale. The process [M] is said to be the quadratic variation of M.

Proposition 6. Let M be a continuous local martingale. For any T > 0 and any sequence
of partitionsm, ={0 =15 < --- < 1" )= T} with6(7tn) = SUP|<;<p(r,) (1] —11_1) — 0

n(m,
asn — oo,
n(mn) 2
(M7 = lim > (M~
i=1
in probability.



If B is a standard Brownian motion, it is a continuous local martingale, and [B]; = t.

The stochastic integral of a simple process with respect to a continuous martingale
bounded in L? is also a continuous martingale (bounded in L?), and in particular a
continuous local martingale. It can be shown that

! _ . 2 _ — ! 2
['/0‘ Hs dMS], - ;Zi ([M]ti+1/\t [M]t,t/\t) ‘/0 Hs d[M]s

N

The idea is then to use E ( fooo H? d[M],) as a guide to define the L? space we are

after. It will then turn out that the map H +— ( fot Hg dM)>0 is a linear isometry. If
simple processes are dense in the considered L? space, then we will be able to define
stochastic integrals for all processes in this L? space via a limiting procedure.

Definition 7 (L?(M) Space). Given M € M2, we denote by L? (M) the space of previsible
processes K such that

||K||§2(M) =E (/0 de[M]s) < co.

The space L?(M) is standard L? space (and hence an Hilbert space) for the measure
u given by
(A X (s,1]) :=E (Liay([M]; - [M]y))
forall s < t, A € Fy. We have that £ C L?(M) for any M € M2,
Proposition 8. Let M € M?2. Then & is dense in L>*(M).

Theorem 9 (It6’s Isometry). Let M € J\/lf, The map H — ( /Ot Hg dMy):>o from &€ to
M2 has a unique extension to a linear isometry from L>(M) to M? which we denote

t
K- (/ K dMs) .
0 t>0

The isometry property rewrites as

t o0 2 o0
H( / stMS)QO ( / stMs)):E(/O sz[M]s)=||K||iz(M>.

Stopping at suitable stopping times, the Ito integral can then be extended from M2
to continuous local martingales. The integrators can then be extended to locally bounded
previsible processes (which include continuous adapted process). A previsible process K
is locally bounded if there exists increasing stopping times S, with S,, — oo a.s. such
that K19 s, is bounded for all n € N.

2
=E

Proposition 10. Let K a locally bounded previsible process for stopping times S,, and M
a continuous local martingale. Consider the stopping times S,, := inf{t > 0 : |M;| > n}
and setT, := S, AS),. Then forallt > T,,

t
/0 KyL.s, (s) d[MT1,

is well-defined and is denoted fot K, dM;.



3 Stochastic differential equations

[Le Gall, Oksendal, Klenke, Etheridge’s lecture notes, Revuz& Yor and Ethier&Kurz
(for definition of Markov processes)]

A stochastic differential equation is simply a standard differential equation augmented
by a noise term, which is typically of the form o B; where B, is a Brownian motion and
o is a constant corresponding to the intensity of the noise. "[T]he use of Brownian
motion [...] is justified due to its property of independent increments[:] the random
perturbations affecting disjoint time intervals are assumed to be independent”. In other
words, a standard ODE

t
Vi =yo+/ b(ys) ds
0

is augmented to

t
Yt=YO+/ b(Ys)dS+0-Bt
0

By allowing the intensity to depend on the state of the system at time #, we obtain an
equation of the form

t t
Y; :Yo+f b(Yy) ds+/ o (Ys) dBy
0 0

where the rightest integral is a stochastic integral as previously defined. The equation can
be further extended to the inhomogeneous case by allowing b and o to depend on ¢, that
is,

t t
Y,=Y0+/ b(s,Yy) ds+/ o (s,Y) dBy,
0 0

which rewrites in differential form as
dYt = b(t,Yl) dr + O'(I,Yt) de
It is standard to call b the drift coefficient and o the diffusion coefficient.

Definition 11 (Solution SDEs). Let d and m be positive integers. Let » and o be locally
bounded measurable functions from R, xR? to R and R4. A solution of the stochastic
differential equation E (o, b)

dXt = b([, Xt) dt + O—(t, Xt) dBt

consists of:

(i) a filtered probability space (Q, F, (F;)s>0, P) where the filtration is assumed
complete;

(ii) an (F;);s0-Brownian motion B = (B', ..., B™) taking values in R™;

(iii) an (F;);»0-adapted process X = (X!, ..., X9) with values in R and continuous
sample paths such that

t t
X =Xo+ / b(s,Xs) ds + / o (s, X) dBy,
0 0



meaning that foreveryi=1,...,d,
] ] t m t .
X =X} +/ bi(s, Xs) ds + Z/ (s, X) dBi.
0 — Jo
Jj=1

When, in addition, Xy = x € R4, X is said to be a solution started from x.

As implicit in the definition, when we speak of a solution of E (o, b), the filtered
probability space and the Brownian motion B need not be fixed a priori but can be
constructed at the same time as the process X. This possibility leads to two notions
of solution: weak and strong. "Intuitively, a strong solution corresponds to solving the
SDE for a given Brownian motion, while in producing a weak solution we are allowed to
construct the Brownian motion and the solution at the same time" (Durrett). Moreover,
as made explicit in next definition, there are at least two reasonable notions of uniqueness
for solutions of SDEs.

Definition 12. Let E (o, b) the SDE in the previous definition. We say that:

(i) E(o, b) has a solution if for each x € R, there exists a solution of E (o, b) started
from x;

(ii) there is uniqueness in law if all solutions of E (o, b) started from x has same
distribution;

(iii) there is pathwise uniqueness if, when (Q, F, (F;)s>0, P) and B are fixed, any two
solutions X and X” satisfying Xo = X/ a.s. are indistinguishable;

(iv) a solution X for E (o, b) started from x is a strong solution if X is adapted to the
natural filtration of B.

4 Markov processes and diffusion processes

Definition 13 (Transition Family). Let (E,£) be a measurable space. A family of
probability kernels (ks.r)o<s<: on (E, £) is said to be a transition function (t.f.) if for all
s<t<v,

/&MJWWWM=&MA)

for all x € E and all A € £. This is known as the Chapman—Kolmogorov equation. The
t.f. is said to be homogeneous if «, ; depends on s and ¢ only through ¢ — 5. In that case,
we write k; for ko ; and the Chapman—Kolmogorov equation rewrites as

Kmmm=/mwwmmm

for all s, > 0; in other words, the family («;),;>o forms a semigroup which is called
transition semigroup.

Definition 14 (Continuous-Time Markov Process). Let (€, F, (F;)s>0, P) be a filtered
probability space. An adapted process X is said to be a Markov process with respect to
(F+)=0 With transition function «; , if for any positive Borel function f and any s < ¢,

Mﬂ&W@=LﬂWm@MM,Pm“



The probability measure X(Q) is called the initial distribution of X. The process is said
to be homogeneous if the t.f. is homogeneous, in which case the above equation reads as

E(f(XsH)l]:s):Lf(y)Kt(Xs,dy), P as..

Definition 15 (Strong Markov Property). Let X be a cadlag (time-homogeneous) Markov
process, (F;):>0 the usual enlargement of the natural filtration, and 7 an J;-stopping
time. Then X is said to be strong Markov at 7 if for every positive Borel function f,

B (f(Xesr)|Fo) = /E FOe(Xerdy), Pas.ont < oo,

for all > 0. The process is said to be strong Markov if it is strong Markov for all stopping
times of (F);»0.

Strong Markov (time-homogeneous) processes in R with continuous sample paths
are called diffusion processes (but the definition is not standardized in the literature
— see Protter). As shown in next section, these processes arise naturally as solutions
of (time-homogeneous) SDEs (under regularity conditions on the coefficients). Since
(under these conditions) solutions of SDEs can be characterized by some martingale
properties involving infinitesimal generators, this justifies some authors to define diffusion
processes directly in terms of these properties. On the other hand, some other authors
define diffusion processes as solutions of SDEs (without necessarily the strong Markov
property). These distinctions are often immaterial since, at least in the homogeneous
case, standard (sufficient) conditions for existence of solutions of SDEs are sufficient for
the martingale characterization and the strong Markov property.

Definition 16 (Diffusion Process). A process with values in R is said to be a diffusion
process if:

(i) it has continuous sample path;

(ii) it is a time-homogeneous strong Markov process.

Proposition 17. Suppose that the functions o and b are continuous on R, x R¢ and
Lipschitz in the variable x, i.e., there is a constant K such that for everyt > 0, x,y € R,

lo(z,x) = o (2. ) < Kllx =y,
16(2,x) = b2, )| < Kllx = yll.

Then E (o, b) admits pathwise unique strong solutions.

If, in addition, the coefficients o and b are homogeneous, ie., o(t,x) = o(x)
and b(t,x) = b(x), then the solutions of E (o, b) are Markov processes with transition
semigroup given by

ki f(x) =E(f(X7))

where X* is an arbitrary solution of E (o, b) started from x. The semigroup is Feller and
its generator is such that C12< (RY) € D(L) and, for every f € C12< (RY),

d*f
ﬁxixj

d
LF@) =5 > 0o

i,j=1

d
W+ b2,
i=1 !



Moreover, the solutions of E (o, b) satisfy the strong Markov property.

S Martingale problem and weak solutions of SDEs

[REFs. Stroock& Varadhan (1979), Berestycki’s lecture notes, Etheridge’s lecture
notes, Durrett (1996), Ethier&Kurtz (1986), Karatzas&Shreve, Rogers& Williams, Re-
vuz& Yor]

In 1948 Lévy proved that the standard Brownian motion could be characterized
as the only continuous process B such that B(r) and B>(r) — ¢ are both martingales.
This connection was further explored by Varadhan and Stroock: they leveraged the
existence of a larger correspondence between weak solutions of SDEs and processes
satisfying some martingale properties to derive important results for solutions of SDEs.
Indeed, the martingale characterization proves more suitable for continuity and weak
convergence arguments: a number of important existence and approximation results can
be derived from the martingale side. (See, e.g., S.5.4. in Karatzas&Shreve or R.19.8. in
Rogers&Williams.)

Definition 18 (Martingale Problem). Let (07, j(x))1<i,j<a and (b;(x))1<i<q be families
of real-valued measurable functions. Define a(x) := o (x)o(x)”. A continuous process
X with values in R¢, together with a standard filtered probability space, is said to solve
the martingale problem M (a, b) if forall 1 < i, j < d,

t
Y= (X;' —/ bi(Xy) ds)
0 t>0

) t
(Y;Yt] - / aij(Xs) dS)
0 t>0

When d = 1, the processes are Y; := X; — fot b(Xs) ds and Yt2 - f o%(X,) ds.
Suppose that the SDE given by

and

are local martingales.

dXt = b(Xt) dr + G'(X[) dBt,

admits a solution X. Then, since the stochastic integral is a local martingale, the process
givenby Y; := X; — Xo+ fot b(Xs) ds is a mean zero local martingale. Squaring and using
the Itd isometry for stochastic integrals, we have that Y7 — f 0%(Xy) dsisalocal martingale.
That is, X solves the martingale problem M (a,b). It turns out that the converse is
true: there is a one-to-one correspondence between (distributions of) weak solutions
to stochastic differential equations and solutions to martingale problems. In particular,
existence and uniqueness for solutions of SDEs imply well-posed martingale problems
and well-posed martingale problems imply existence and uniqueness for solutions of
SDEs.

Theorem 19. Let X be a solution to M(a, b). Then there exists a Brownian motion B,
possibly defined on an enlarged probability space, such that (X, B) solves

dX[ = b(X[) dt + O-(Xt) dB[



Proof. T.5.4.5. in Durrett (1996) p.199 or T.6.1. Berestycki’s lecture notes SCA (2010)
p-87. O

Proposition 20. If a and b are locally bounded and M (a, b) is well-posed, then the
solution satisfies the strong Markov property.

Proof. T.5.4.5. in Durrett (1996) m|

If the coefficients are Lipschitz, we know that there is a unique strong solution to the
corresponding SDE, which implies that the corresponding martingale problem is well-
posed. Weaker conditions for the existence of weak solutions can be derived from the
martingale side. In particular, Stroock and Varadhan derived the

Theorem 21. Suppose that a and b are measurable and that:
(i) a is continuous;
(ii) a(x) is strictly definite positive for each x € R%;
(iii) there exists K < oo such that for all 1 < i, j < d and all x € R¢,

laij(x)] < K(1+|x|*)  and |b;i(x)| < K(1+ [Ix]).
Then M(a, b) is well-posed.

Proof. T.7.2.1. in Stroock& Varadhan, stated in the form of T.V.24.1 in Rogers& Williams.
O

Note that the martingale problem defined above is not the standard martingale problem
considered by Stroock—Varadhan (and most of the textbooks) but a simplified version (from
Durrett) that is enough for the correspondence argument to carry over. The non-reduced
martingale problem (which implies the reduced martingale problem — see lecture notes)
involves the infinitesimal generator. Define for all f € C 12< (RY),

1 O f 4 af
Lf@) =5 2 aij(0) =m0 + ;bf(")a—m(x)-

i,j=1
Under regularity conditions on the coefficients, the operator L emerges as the infinitesimal
generator of solutions of (homogeneous) SDEs. Thatis, L f (x) represents the infinitesimal
expected change in f(X) given that X; = x defined as
- (f(XHa) - f(X)
€

£—0

Fi, Xi =x) =Lf(x).

Definition 22 ((SV) Martingale Problem). A continuous process with values in R4 is said
to the solve the (SV) martingale problem if for all f € C¥ (RY),

Mtf :Zf(Xt)_f(XO)_/ Lf(Xs)ds
0

is a local martingale.

By considering functions f(x) = x; and f(x) = x;x;, it can be shown that if X is
solution to the (SV) martingale problem for a = oo, then it is a solution to M (a, b).



6 Diffusion approximation of Markov chains

Lemma 23. Let (X,,)nen be a sequence of random variables with values in C([0, 1], R9).
Then (X,,)nen is tight if and only if for all € > 0, there exists ng, M € N and § > 0 such
that:
(i) P(IX™(0)|| > M) < g foralln > ng;
(ii) P(oscs > €) < &;
where
oscs(w) = sup{|lw(s) —w ()| : |s —t] < 6}.

Similar conditions based on an extension of the Arzela—Ascoli theorem (using an
extended notion of §-modulus for functions which may have jumps) can be derived
for characterizing tightness in D ([0, 1],R%). For our purpose, we note that the previous
characterization in C in terms of the standard notion of §-modulus of continuity provides a
sufficient condition for tightness in D. Moreover, if the conditions hold, the subsequential
limits are in C a.s.. (See T.15.5. in CPM Billingsley (1968)).

Theorem 24 (Stroock—Varadhan Approximation Theorem). Let Y" := (Y!),cn be a
rescaled (discrete) Markov chain taking values in a set S, € R? with h > 0 a scaling
parameter. The transition probabilities of Y" are given by a Markov kernel 11y, that is,
I}, (x, A) = P(Y" € A|Y! = x). Define the process X" on [0, 1] by

n+l

h._ yh
X =Y

so that X" is a.s. right-continuous and constant between two successive jumps of the
chain, which may happen every h units of time for X". Define

1
Kn(x,dy) := ZH”(X’ dy).
For1 <i,j <d, define

dy= [ rmx) 0y =K dy)
ly—x|<1

bt ::/ (yi = xi)Kn(x, dy)
ly-xl<1

A" = Ky (x, B(x,£)°).

Suppose that:
(i) forevery 1 <i,j < d, every R > 0, and every € > 0,

lim sup |af’j(x) —aij(x)| =0,

h—0x<r

lim sup |b"(x) - b;(x)| =0,
=0 |x|<R

lim sup A%(x) =0,
h_’lelspR ‘

for some functions a;; and b;;
(ii) the limit coefficients a;; and b; are continuous functions on RY;



(iii) for each x € R%, the martingale problem M (a,b) is well-posed, i.e., it has a
unique (in distribution) solution X with initial value Xy = x a.s..

IfXé‘ =x, — x0 as h — 0 for some xo € R?, then X" converges weakly to X as
h — 0 in the space D([0, 1],R?) of cadlag functions from [0, 1] to R? endowed with the
Skorokhod topology, where X is the (unique) solution to the martingale problem M (a, b)
with initial value Xo = xo. In particular, the linear interpolations of Y" converge weakly
in the space C([0,1],R%) of continuous functions from [0, 1] to R? endowed with the
SUpremum norm.

Reference. T.11.2.3. in Stroock& Varadhan (1979) p.272 or T.7.1. in Durrett (1996) p.297
or T.6.5. in Berestycki’s lecture notes SCA (2010) p.91.

Proof. The conditions (i) of the theorem ensure that: the infinitesimal mean and variance
converges to those of the diffusion limit; there is no jump in the limit. The idea of the
proof is a standard application of Prokhorov’s theorem. We first prove tightness, then
ensure of the uniqueness of subsequential limits. Before that, a localization argument can
be used to replace the conditions (i) by the stronger conditions

lim sup |af~fi (x) —a;j(x)| =0,

Y xeRrd
lim sup |b!(x) - b;(x)| =0,
h—0 xeRd
lim sup Aﬁ(x) =0,
Y xeRrd
af‘j, bf‘, and A" are uniformly bounded in % and x.

We start by proving tightness. Let f be a bounded measurable function and define

L f(x) = / (FO) = F)Kn(x. dy).

This can be interpreted as the infinitesimal generator of the discrete-time process consid-
ered. Since Xoh = x5, is nonrandom and converges towards a fixed x¢, the condition (i) in
Lemma 23 is verified. To prove tightness, we now verify condition (ii). Using Lemma 26,
it suffices to prove that for all x € R? and for all 6 sufficiently small,

(a) Px(0 >¢€/4) <e/2ash — 0,

(b) Py(oc <) <eg/2ash — 0.
To prove (a), note that there are at most 1/A time steps in [0, 1], so by union bound,

1
P<(0 > ) < +supTlx(y, B(y, ) ) < sup Al (y) — 0.
y y

In particular, for 4 sufficiently small, P, (0 > £/4) < g/2.
To prove (b), we start by estimating P, (1) < u) for small u. By Lemma 25,

E(fr.e(Y! ) = fr.e(Y!) = hC.) > 0,

so that
foe(YMy + Cohk, k=0,1,...

is a submartingale. Set 7 := inf{k > 1 : ||Y£‘ —x|| > &}, so that 71 = hr. Using the

10



optional stopping theorem at 7 A u’ with u’ = u/h, we get

E(fr,e (Y2 )+ Coh(t At')) 2 Bx(fr,o(Y))) = 1.

On the event (7 < u’), we have that ||Y£’ —x|| = &, so that fx,g(YfAu,) = 0, and since
T Au' <u’, wehave

Pu(ri<u) <Pt <u') <E (1- fi(Y"

Au

) <hCeu’ =Ceu

where the first inequality follows from the fact that the term in the expectation is non-
negative and is equal to 1 if 7 < u’. Let p := P,(7] < u). Forallu > 0,

Ex(e™™) < P(r1 Su)+e “Py(ty > u)
=p+et(l-p)=e“+p(l-e7")
<e"+pu<l—u+Cou’

Thus by choosing u small enough, we can find 4 < 1, independent of x and ¢, such that
E x(e™™) < A. By iterating and using the strong Markov property, we getE y(e™ ™) < A™.
By Markov’s inequality,

Py(N>n)=P(ty<1) < P(e ™ >e D)

<eE (e™™) < ed".
Observe that for any £ € N,
Py(0 <6) < ksupPy(1; <6) + Px(N > k)
y
< kCy6 +ed”.

By taking k large enough and ¢ small enough so that eA* < /4 and kC.6 < &/4, we get
P, (0 < 8) < /2. This concludes the proof for tightness.

We now prove the uniqueness of subsequential limits. Since the martingale problem
M (a, b) is assumed well-posed, it suffices to show that the limit of any weakly convergent
subsequent solves the martingale problem M (a, b). We first show that as 7 — 0 the
operator L" converges in an appropriate sense to the infinitesimal generator L of the

solution
2

LA
Lf(x)= 5 Z a;j(x)

O f 4 af
2 dxox, (x) + ; bi(x)a—xi(x)-

More precisely, we show that for any f € C%, L" f(x) converges uniformly in x € R< to
Lf(x) as h — 0. By Taylor’s theorem for i(¢) := f(x +t(y —x)) ont € [0, 1], there
exists cxy € [0, 1] such that
F() = f(x) = h(0) + h" (cxy) /2!
= > i =x)Dif (1) + D (v = x0) (v = %)) Dijf (axy)
i

i,j

where 7,y = x4 ¢y (y —x). Then integrating over ||y —x|| < 1 with respect to K (x, dy),

11



we get

L"f(x) =) bl (x)Dif (x)
+/ > i =x)(yj = x)Dij f (zxy) Kn (x, dy)
ly-xli<1 77
f [ G0 - K,
ly—x[>1

Recalling the definition of A”, the final term goes to 0 uniformly in x by assumption (i.3).
For the first term, note that

‘Z b (x)D; f(x) — Z bi(x)D; f(x)

< sup |5} (x) = bi (X)[|ID; f ||eos
14

which converges to 0 uniformly in x by assumption (i.2) since f € C 12< For the interme-
diate term, note first that

A I<1 Z(yi =xi)(yj —x;)Dij f(zxy)Kn(x,dy) — Zaij(x)Dijf(x)
y—x|= i

i,j
= Za?i(x)Dijf(x) - Zaij(x)Dijf(x)
I, T
' /II I 1Z(yi —xi)(v; = %) (Dij f (2xy) = Dij f (X)) Kp(x, dy)|.
y—x||< i,j

The first term converges to 0 uniformly in x by assumption (i.1) since the derivatives of
f are uniformly bounded. The second term can be split in an integral over||y — x|| > &
and one over ||y —x|| < &. The first one converges to 0 uniformly in x by assumption (i.3)
since the integrand is bounded. For the second term, define

I'(e) :==sup sup |Dj;f(zxy) — Dijf(x)l.
Lj lly-xl<e
Since z,y lies on the segment between x and y and D;; f is continuous and hence uniformly
continuous on compact sets, we have that I'(¢) — 0 as € — 0. By the Cauchy—Schwarz
inequality,

/” SO0 =)D )~ Dig DK )
y-Xx||<e

i,

<TI'(e) ly = x|I*Kn(x, dy),

ly-xll<se

which concludes the proof that ||L” f — Lf|l. — 0. Now, fix a sequence 4, — 0 such
that X — X weakly in D as n — oo. Fix s < t. By definition of L",

k—1
f(X,’on) - ZhnLh"f(X?Z,,) . k=0.1,...
=0
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is a (discrete-time) martingale. The martingale property implies that for any JFj-
measurable function g: D — R,

l,—1
| g(Xm) | £(XI ) = O )= S b L f (X0 ) || =0
J=kn

where k, = [s/h,] and I, = [t/h,]. Using the Skorokhod representation theorem,
there exists Y such that ¥ =; X" and Y* — Y as., where ¥ =; X. Using that
IL" f — Lfl]lco — 0 and the bounded convergence theorem, it follows by taking the limit
as n — oo that

E., (g<X> (f<xt> X - / LF(X,) d)) _o.

Since g is arbitrary, it follows that

t
)= [ L du. 120
0
is a martingale for all f € CIZ{. Hence X is a solution to the (SV) martingale problem, and

hence to M (a, b). Since M (a, b) has a unique solution, this concludes the proof. O

Lemma 25. Let g: R — Rsuchthatg € C2,0<g <1, g(x)=0ifx > 1, g(0) = 1.
Define for x € RY, fo(x) = g(||x||>/€?). Define for a € RY, f, o(x) := fe(x — a). Then
there exists Cy < oo, independent of h, such that ||L" f, .(x)|| < Cg for all a,x € R,

Proof. By Taylor’s theorem for ¢(7) := f, c(x +#(y —x)) ont € [0, 1], there exists
cxy € [0, 1] such that

Ja,e(¥) = fa,e(x) = ¢"(0) + ¢" (cxy) /2!
=Y i =x)Dif (¥) + Y (i =x) (v = x))Dij f (2xy)
i i,j

where zyy = x + ¢xy(y — x). Then integrating with respect to K (x, dy), we get

L fo(x) = / o (3) = furo () Kin(x. dy)

< |Vfue(x) - (y = x)Kp(x,dy)

ly-x|<1

+

A i IZ()’i _xi)(yj _xj)Dijfd,S(ny)Kh(x,dy)
y—x||< i

+2|| fa,elloKn(x, B(x,1)°).

Define A; :=sup, [|Vfq,(x)|| and B := sup,, ||D fu,s(y)||. We have

< lly - xI*B.,

D i =x)(yj = X)Dij fa,e(2xy)

i,j

13



hence

L fa.6(x) sAglllbh(X)||+Bg/” | lIIy—XIIZKh(x,dy)+2Kh(x,B(x,1)C)-
y—x||<

Since /||y—x||s1 ly = x|I>Kp(x, dy) = > al’.ll. (x), the uniform boundedness of the stronger
assumptions yields the result. |

Lemma 26. Define the random variables

79=0, T,:=inf{t>1,_1: ||Xth - an_l || > e},
N :=min{n : 7, > 1},
o :=min{r, - 1,_1 : 1 <n < N},
6 = max{|| X" (1) - X"(t7)|| : 0 <1 < 1}.

Ifo > 6 and 0 < &, then oscs(X") < 4e.

Proof. By definition of oscs, we need to show that for all s,z € [0, 1] with |[s —¢| < 4,
|X"(s) — X"(s)| < 4e. Since |s —t| < § < o, s and ¢ can only span at most one of the
intervals [7,_1, 7], and the definition of the stopping times 7, ensures that X”* does not
vary by more than 2& on such an interval. More precisely: if 7,1 < s <t < 7,, then
|X"(s) = X"(1)| < 2e;if 1,1 <5 < T, <t,then

X" (5) = X" ()] <IX"(s) = X" (2| + 1X" (1) = X" (7))
+1X" (1) = X" (e + X" (1) = X" (1))

<4e.

O

Example 27 (Ehrenfest Chain). Two urns contain a total of 2n balls. At each time m, we
pick one ball uniformly at random from the 2n balls and move it to the other urn. We
expect the number of balls in the left urn to be about n+C+/n, so we define Z,,, the number
of balls in the left urn and consider the rescaled process

Zin—nN

ylm .= 7

Suppose that Zy = n. Define

iyl _ Zitn)—n
t T T tn] T \/ﬁ :

Then, as n — oo, the process X'/" converges weakly to an Ornstein—Uhlenbeck diffusion
process X with unit viscosity, that is, the pathwise unique solution to the SDE given by

dXt:—Xtdt+dBt, X():O

To see this, note first that the space of Y'/" is E, = {k//n : —n < k < n} and that the

14



transition kernel K/, (x, dy) is given by nlIl;, (x, dy) where

n—x\n

-112) n+x\n
2n ’

2n

Hl/n(x,x+n_l/2)= Iy, (x,x—n
Indeed, if Ynl/ " = x, then the number Z,,, of particles in the first container is n+x+/n, and if
one particle is chosen, which happens with probability (n+x+v/n)/2n, then Z,,11 = Z,,, — 1
172 Since the chain can only make jumps of size 1/+/n, then condition
(i.3) holds trivially. Moreover, we have

and Y41 =x—-n"

P = [ (=Kt ) =n (\ir” A %” *;}‘f’z) -

and

al/n(x):/(y_x)zKl/n(X,dy):n(ln_x\/ﬁ+%n+x\/ﬁ)=1,

n 2n 2n

hence the coefficients are independent of n and so satisfy the conditions (i.1-2). Moreover,
the limiting coefficients b(x) = —x and a(x) = 1 are Lipschitz continuous and so the
martingale problem is well-posed. The result then follows directly from Theorem 24.

Example 28 (Branching Processes). Consider a branching process where Z,,, denotes the
size of the population at time m. At each period m, each individual in the population has
an independent and identically distributed number of offspring in the next period m + 1.
Suppose the probability of having k children is pj with mean 1 + 8,,/n and variance o2

Define the rescaled variable

lel/" = Zm
n
and consider the process X'/" given by
zZ
I/n ._ yl/n _ #ltn]
X, = YLth =—
Suppose that as n — oo,
ﬁn-—9ﬁ;€ (_“%OOL

oy, — o € (0, 00),
for any 6 > 0, Z kzp’lz — 0.

k>én

Then X'/ converges weakly to Feller’s branching diffusion X, that is, the solution to the
SDE given by
dX, = BX; dt + o+/X; dB;.
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